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report  documents  the  development  of  the  tools  needed  to  compare  the 

efficiency  of  fuse-related  gear  trains  designed  to  operate  In  a spin  environ- 
ment. Computer  models  have  been  developed  for  two  end  three  pass  step-up 
designs  with  clock  (ogival)  and  involute  tooth  shnpea.  Using  appropriate 
moment  input-output  rolatlonahlps,  the  computer  programs  develop  point  and 
cycle  efficiency  for  .*ach  type  of  gear  train.  Pivot  friction  partially  caused 
by  centrifugal  force  on  the  gear  and  pinion  combinations  during  spin,  and 
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INTRODUCTION 


This  project  provides  the  computer  programs  needed  to  compare 
the  efficiency  of  fuze-reluted  gear  trains  operating  in  a spin 
environment.  Specifically,  two  and  three  pass  stop>up  computer 
models  with  both  Involute  and  ogival  (clock)  tooth  shapes  were 
developed, 

By  using  appropriate  moment  input-output  relationships,  the 
computer  programs  allow  the  determination  of  point  and  cycle 
efficiencies.  Pivot  friction,  partly  due  to  the  centrifugal 
forces  on  the  gear  and  pinion  combinations,  is  considered  in 
addition  to  tooth-to-tooth  contact  friction.  The  models  derived 
allow  a wide  variety  of  parameter  variations, 

The  main  body  of  thl.s  report  consists  of  nine  appendixes, 
each  of  which  contains  a detailed  analysis  of  each  combination 
of  tooth  forms,  the  number  of  passes,  and  the  spin  environment, 

The  derivation  of  moment  relationships,  pivot  friction,  gear 
tooth  geometry,  and  the  direct-contact  mechanism  kinematics  are 
also  included.  The  computer  programs  used  are  listed  and  instruc- 
tions in  their  use  and  in  interpreting  the  results  are  given, 
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POINT  EFFICIENCY  AND  CYCU!  EFFICIENCY 


The  point  efficiency  Cp  is  defined  as 
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v;here  represents  the  instantaneous  input  moment  to  the 
gear  train.  stands  for  the  instantaneous  equillbrant 

output  moment  after  it  has  been  referred  to  the  input  shaft 
by  way  of  the  Instantaneous  angular  velocity  ratio 
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In  the  above , 

0 i>  instantaneous  angiilar  velocity  of  the  output  gear 

1 B instantaneous  angular  velocity  of  the  input  gear 


Equation  1 then  becomes 
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The  cycle  efficiency  Eq  represents  the  ratio  of  the  work 
available  at  the  output  shaft  to  that  done  by  the  input 
moment  during  one  tooth  cycle  of  the  input  gear.  Thus, 
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The  quantities  d0  and  d0  represent  Infinitesimal  rotations 
of  the  output  and  input  gears , respectively. 


DESCRIPTION  OF  STUDY 


Appendix  A 

Appendix  A furnishes  the  background,  as  well  as  the  deriva- 
tions, for  the  moment  input-output  expressions  for  two  and  three 
pass  step-up  gear  trains  (where  in  each  mesh  the  gear  is  the  driver) 
with  involute  teeth  and  unity  contact  ratio. 

Section  1 shows  the  development  of  a sign  convention  for  the 
direction  of  the  contact  point  friction  force.  It  is  based  on  the 
direction  of  the  relative  velocity  between  the  contact  points  on 
the  gear  and  pinion  teeth.  Section  2 discusses  how  to  deal  with 
the  normal  and  friction  forces  at  the  gear  and  pinion  pivots  of 
single  and  multiple  mesh  trains.  Section  3 shows  the  application 
of  the  above  results  to  the  moment  input-output  analysis  of  a 
single  mesh.  The  frame  is  assumed  stationary  for  this  case,  and 
the  external  loads  are  confined  to  the  driving  input  moment  and  the 
equilibrating  output  moment. 

The  basic  geometry  of  the  three  pass  step-up  gear  train, 
mounted  on  a rotating  fuze  body,  is  formulated  in  section  4 for 
use  in  the  moment  input-output  analysis.  Force  and  moment  equilibria 
of  the  individual  component  gears,  which  also  account  for  the  cen- 
trifugal forces,  lead  to  the  desired  expression.  Section  5 
includes  a similar  derivation  for  a two  pass  step-up  gear  train  with 
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involute  teeth,  In  order  to  be  able  to  continuously  compute  the 
moment  relationships  for  these  trains,  a method  for  determining 
the  simultaneous  locations  of  the  contact  points  of  all  the  meshes 
had  to  be  worked  out.  Such  a method  is  given  in  section  6 to> 
gether  with  certain  angular  relationships  of  the  pivot  locations 
on  the  model  fuze  body. 

The  kinematic  relationships  in  involute  gear  trains  are 
relatively  simple  compared  to  those  in  ogival  trains  because  of 
the  constant  transmission  ratio  and  the  invariant  direction  of 
the  line-of-action  in  each  individual  mesh. 


Appendix  B 

To  avoid  the  severe  undercutting  of  pinions  which  generally 
Is  associated  with  step>up  gear  meshes,  it  is  necessary  to  use  non* 
standard  Involute  gearing.  Appendix  B shows  both  the  theory  and 
the  necessary  steps  for  the  design  of  unequal  addendum  gears  and 
pinions  of  unity  contact  ratio.  In  addition,  a numerical  example 
is  given. 

Appendix  C 

This  appendix  contains  four  computer  programs  which  make  it 
possible  to  determine  the  point  and  cycle  efficiencies  of  three 
gear  combinations  containing  unequal  addendum  Involute  meshes  with 


unity  contact  ratio.  In  each  case,  the  structure  of  the  program  is 
thoroughly  discussed  and  a sample  run  is  used  to  interpret  the 
results.  The  names  of  these  programs  and  their  relationship  to 
work  described  in  the  other  appendixes  are  given  below; 


1,  Program  INVOL  1 : 


2«  i^ogram  INVOL  2 : 


Design  of  unequal  addendum  in- 
volute gear  and  pinion  set  with 
unity  contact  ratio. 

This  program  is  baaed  on  the  work 
in  Appendix  B.Pivo  sample  computa- 
tions,which  are  used  in  other  pro- 
grams, are  shown. 

Point  and  cycle  efficiencies  for 
single  pass  involute  step-up  gear 
mesh  with  unity  contact  ratio. 

This  program  is  based  on  the 
work  in  section  3 of  Appendix  A, 


3.  Program  INVOL  3 : 


Point  and  cycle  effioiencles  for 
three  pass  Involute  step-up  gear 
train  in  spin  environment. (All 
meshes  have  unity  contact  ratio). 

This  program  is  based  on  the 
work  in  sections  4 and  6 of  Appen- 
dix A, 


4.  Ideogram  INVOL  4 : 


Point  and  cycle  efficiencies  for 
two  pass  involute  step-up  gear 
train  in  spin  environment .(All 
meshes  have  unity  contact  ratio). 

This  program  is  based  on  the 
work  in  sections  5 and  6 of  Appen- 
dix A. 


Appendix  D 


ThlB  appendix  > deecrlbes  the  geometry  of  an  ogival  tooth  In 
which  each  side  of  the  tooth  profile  haa  a circular  arc  blending 
tangentially  into  a radial  straight  line  flank*  The  baalo 
tooth  nomenclature  Is  defined  and  methods  for  determining  the 
required  tooth  parameters  are  given* 

Appendix  B 

Section  1 of  Appendix  £ gives  all  neoessary  kinematic  derl"* 
vatlona  for  a single  step-up  mesh  with  ogival  teeth.  The  motion 
of  an  ogival  mesh  consists  of  two  phases*  On  first  contact » the 
olroular  arc  portion  of  the  driving  gear  tooth  makes  contact 
with  the  circular  arc  portion  of  the  driven  pinion  tooth*  Later 
In  the  cycle «and  up  to  the  point  of  final  disengagement,  the 
circular  arc  portion  of  the  gear  tooth  contacts  the  straight 
line  portion  of  the  pinion  tooth*  These  phases  of  motion  were 
named  "round  on  round  " and  " round  on  flat*"  respectively* 
Equivalent  four-link  meohanlom  models  were  used  for  both  re- 
gimes to  obtain  expressions  for  the  pinion  output  angles, for 
transition  angles, for  output  angular  velocities  and  for  contact- 
point  relative  velooltiee*  In  addition, a sensing  expression 
was  developed  which  allows  the  computer  determination  of  that 
position  of  a given  mesh  at  which  the  subsequent  mesh  comes 
Into  engagement*  (Because  of  the  variable  transmission  ratio 
of  ogival  meshes, there  Is  only  one  set  of  teeth  In  contact  at 
any  one  time). 
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Section  2 of  this  eppendix  shows  derivations  of  moment  in- 
put-output expressions  for  both  phases  of  contact  of  a single 
ogival  moah.  Again, while  pivot  friction  la  considered  in  addi- 
tion to  contact  friction,  tho  frame  is  assumed  to  be  statio- 
nary for  this  single  mesh. 

Appendix  P 

Two  computer  programs  which  deal  with  the  kinematics  and 
the  moment  input-output  relationships  of  a single  pass  step- 
up  gear  mesh  with  clock  teeth  are  given  in  this  appendix. 

The  structure  of  each  of  these  programs  is  again  discussed 
in  detail  and  sample  runs  are  used  to  explain  their  input 
and  output  parametera.  The  names  of  these  programs  and  their 
relationships  to  work  in  other  sections  are  given  below: 


1.  Program  CLOCK  1 t Kinematics  of  a single  step-up 

gear  mesh  with  clock 
teeth. 

This  program  is  based  on  work 
in  Appendix  L os  wall  so  on  work 
in  section  1 of  Appendix  B.  In 
addition, it  has  been  used  to  cheok 
the  geometry  of  the  ogival  meshes 
which  wore  used  in  programs  CLOCK  2 
CLOCK  3 and  CLOCK  4 (See  Appen- 
dix I for  the  latter  two). 

2,  Program  CLOCK  2 j Point  and  cycle  effiolenolea  for 

single  paas  step-up  gear  mesh  with 
clock  teeth. 

This  program  is  baaed  on  work  in 
seotlon  2 of  Appendix  E. 


Appendix  Q 


When  one  considers  the  kinematic  relationships  ot  ogival 
meshes  which  are  mounted  on  a fuse  body  as  parts  of  two  or 
three  pass  step-up  trains » it  becomes  necessary  to  account  for 
the  relative  positions  of  the  individual  meshes  on  the  fuse 
body.  Appendix  G gives  the  appropriate  dorivations  for  each  of 
the  three  meshes  of  a three-pass  train.  The  model  of  the  fuse 
body  Is  Identical  with  that  used  for  involute  step-up  trains. 

Appendix  H 

This  appendix  shows  the  derivations  of  moment  input-output 
expressions  for  two  and  three  pass  step-up  gear  trains  with 
ogival  teeth  which  must  operate  in  a spin  environment. 

Because  of  the  increase  In  rotational  speed  associated  with 
each  tooth  mesh, increasingly  more  seta  of  teeth  will  come  into 
engagement  in  the  second  and  third  meshes  as  one  set  of  teeth 
moves  through  one  complete  contact  oyole  in  the  first  (i.e.> 
the  Input)  mesh.  With  two  phases  of  motion  for  eaob  mesh, there 
will  be  eight  contact  oomblnatlone  in  a thres-paas  train. 

Section  1 of  Appendix  H gives  a derivation  for  the  moment 
Input-output  expression  of  each  of  these  eight  oases. 

beotlon  2 shows  similar  work  for  the  four  oontaot  combinations 
which  are  aasooiated  with  two  pass  step-up  gear  trains  with 
ogival  teeth. 

Both  analyses  account  for  the  effects  of  the  centrifugal 
forces. 
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Appendix  I 


This  appendix  contains  two  computer  programs  which  allow 
the  determination  of  point  and  cycle  efficiencies  for  two 
and  three  pass  step~up  gear  meshes  with  clock  teeth.  As  for 
other  programs t the  origins  of  their  mathematical  formulations 
are  thoroughly  disoussed.  In  addition , their  input  and  output 
paramoters  are  explained  with  the  help  of  a sample  run.  The 
names  of  these  programs  as  well  as  their  relationships  to 
work  in  other  appendixes  are  given  below: 

I 

1.  Program  CLOCK  3 t Point  and  cycle  efficiencies  for 

three  pass  clock  (ogival)  etep~up 
gear  train  in  spin  environment. 

This  program  is  based  on  work 
given  in  Appendix  Q as  well  as  in 
section  1 of  Appendix  H.  The  general 
fuse  geometry  is  that  described  in 
section  6 of  Appendix  A. 

2.  Program  CIjOCK  4 i Point  and  cycle  efficiencies  for 

two  pass  clock  (ogival)  step-up 
gear  train  in  spin  environment. 

The  kinematic 8 of  this  program 
is  again  based  on  work  given  in 
Appendix  G.  The  moment  input- 
output  relationships  are  from 
section  2 of  Appendix  H. 
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APPENDIX  A 

STEP-UP  GEAR  TRAINS  WITH  INVOLUTE  TEETH 

1.  DIRECTION  OP  FRICTION  FORCE  AT  TOOTH-TO -TOOTH  CONTACT 

Figure  A-1  uses  the  base  circle  and  the  llne»of-actlon  con- 
figuration of  an  Involute  mesh,  in  which  the  gear  drives  the  pinion, 
to  determine  the  direction  of  the  friction  forces  at  contact  point  C 
before  and  after  the  contact  point  passes  through  pitch  point  P. 
Distance  d represents  the  length  of  the  line -of- act ion  between  base 
circle  tangent  points  L and  L'.  The  distance  between  contact  point 
C and  point  I.  aJo:g  the  line-'^f-actlon  is  measured  by  length  a, 
Further; 

e ■ actual  (rolling)  pressure  angle 

• gear  base  radius 

■ pinion  base  radius 

The  friction  force  of  the  pinion  tooth  on  the  gear  tooth,  for 

example,  will  have  the  direction  of  the  relative  velocity,  / , 

c c 

p g 

of  the  contact  point  on  the  pinion  tooth,  Cp,  with  respect  to  the 
coincident  contact  point  on  the  gear  tooth,  Cg.  (The  friction  force 
of  the  gear  tooth  on  the  pinion  tootu  has  the  opposite  direction.) 
This  relative  velocity  changes  direction  at  the  pitch  point,  where 
it  becomes  instantaneously  zero. 


A-1 
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FIGURE  A-i.  DETERMINATION  OF  DIRECTI(»J  OF  CONTACT  FRICTKHJ  FOTiCES  BY  VELOCITY  ANALYSIS 


Ficure 
approach) , 

equation 


A-1  shows  contact  before  the  pitch  point  (during 
To  obtain  the  direction  of  the  relative  velocity^ 
graphical  analysis, one  makes  use  of  the  velocity 


(A-1) 


where 


'c  /C 
p'  g 


= velocity  of  point  Cp  on  pinion  tooth  with 
direction  normal  to  line  Oj^-  C 
= relative  velocity  between  point  Cp  and  point 
Cg.  The  direction  of  this  velocity  is  normal 
to  the  line  of  action, 
a velocity  of  point  C on  gear  tooth  with 

O 

direction  normal  to  line  Oj^-  C.  The  magnitude 
of  this  velocity  was  arbitrarily  chosen. 


The  graphical,  construction,  according  to  Eq  (Al),  shows 
that  ’'^Cp/C  direction  opposite  to  that  of  the  unit 

vector  TT^  shown  at  point  Oj^. 


As  stated  earlier, this  represents 


th.  friction  fore,  on  the  tooth  during  .pproaoh.  | 

Figure  A-lb  ahowe  the  aae>.  graphical  analyela  for  contact  j 

during  receae.  Once  the  pitch  point  la  paaaed.  both  the  ^ 

relative  velocity.  and  the  friction  force  of  the 

pinion  on  the  gea,  have  the  direction  of  the  poaitlv.  unit  S 

vector  Hg,  | 

V 

) 

i 

J 

1 

j 

■ii 


ASSUMPTIONS  GONCERNINQ  NORMAL  AND  FRICTION 
FORCES  AT  PIVOTS 


b. 


FIGURE  A-2  FKiilB-BOUY  DIAGRAMS  OP  PIVOT  SHAFTS 


Figur*  A-2a  ahowa  a pivot  shaft  which  is  loaded  by  a 
known  external  force,  W,  end  rotates  in  a clockwise 

direction.  Due  to  friction  between  the  shaft  and  the  bearing, 
contact  is  made  at  an  angle, a tan“V,  where  la  the 
associated  coefficient  of  friction,  N is  the  normal  contact 


force.  The  friction  force  *mN  oppoeoe  the  clockwise 
rotation  hy  creating  a counterclockwise  moment. 


N may  be  resolved  into  the  components  and  Py,  The  associated 
X emd  y components  of  the  friction  force  are  /xFy  and  respectively. 

The  directions  of  the  components  of  N and  F^.  are  drawn 
in  the  same  manner  in  Fig.  A-2b  in  a somewhat  more  convenient 
representation.  When  the  direction  of  the  resultant  external 
force  ,W. is  not  known,  contact  is  possible  anywhere  on  the 
periphery  of  the  bearing  and  the  components  Fj^  and  Fy  of  the 
normal  contact  force  cannot  be  drawn  with  certainty  in  the 
free  body  diagram.  The  dirootion  of  the  friction  components 
must  still  oppose  the  motion. 

Figure  A- 3 shows  two  general  possibilities  of 
drawing  the  free  body  diagram  of  a pivot  which  rotates  in  a 
clockwise  direction.  In  either  case,,  the  moments  of  the  friction 
components  oppose  the  rotation  wliilT  and  Fy  may  be  positive 
or  negative.  Aasume  now,  for  example,  that  Pig.  A-Ja  shows 


the  wrong  direction  for  and  that  the  solution  of  the 
applicable  equilibrium  equation  will  rovers®  the  sign  of  Fj^. 
This  will  automatically  reverse  the  sign  of  the  friction 


AliWATfS  OPPOSE  MOTION 


side  of  the  pivot,  the  correct  sign  of  the  fri^^tioh  component 
is  automatically  assured. 

The  total  friction  moment  then  is  expressed  by 

Mf  = + + Fy^  (A-a) 

where  p is  the  pivot  radius.  The  sign  of  the  above  is  chosen 

so  that  the  rotation  is  opposed.  In  case  p and  F 

X y 

contain  required  terras  that  cannot  be  factored  out  of  the 

square  root  of  equation  (A~2),  the  friction  moment  is  conservatively 

overstated  by  the  use  of  the  absolute  values  of  and  Fy 


A-7 


If  the  expressions  for  F and  F consist  of  sums  of 

A J 

positive  and  negative  terms,  then  F and  F„  are  presented  as 

X y 

the  suns  of  the  absolute  values  of  these  terms.  A conservative 
pivot  friction  moment  becomes,  similar  to  equation  (A-3a), 


(A-3b) 


The  tildes  represent  the  sums  of  the  absolute  values  of  the 
component  terms. 


3.  MOMENT  INPUT"OUTPUT  RELATIONSHIP  FOR  SINGLE  STEP-UP 
GEAR  MESH  WITH  INVOLUTE  TEETH 

Figure  shows  free  body  diagrams  of  the  gear  and  the 
pinion  of  a single  mesh  where  the  gear  is  driven  by  a 
counterclockwise  Input  moment  It  is  desired  to  find 

the  equilibrating  output  moment 

a.  UNIT  VECTORS 

The  unit  vector  directed  from  point  Oj^  to  point  L is 
given  by 

nj  a ainSi  + costfj*  (A-4) 

where  9 represents  the  actual  pressure  angle,  regardless  of 
tooth  modification.  The  unit  vector  directed  along  the  line 
of  action  from  point  L to  point  L'  is  given  by 

■n^T  * ^ 8in«J  (A-5) 
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'0.  NOMENCLATURE  AND  SIQNUM  CONVENTION 


I 


^xN*  ^yN  “ 


^xn  • *^yn  * 


up  . Up  ta 

' 'xn'  '^'yn 


M 

F- 


mF, 


X and  y componanta  of  normal  force  acting  on 
gear  pivot 

friction  forca  components  acting  on  gear 
pivot.  Directions  chosen  to  result  in  friction 
moments  which  oppose  motion.  (See  part  S}« 

X and  y components  of  normal  force  acting  on 
pinion  pivot 

friction  force  components  acting  on  pinion  pivot 
coefficient  of  friction 

normal  contact  force  between  gear  and  pinion. 

The  force  of  the  pinion  on  the  gear  is  (")Fgir^^  • 
while  the  normal  force  of  the  gear  on  the  pinion 
becomes 

tooth  contact  friction  force.  The  analysis  in 
Section  1 shows  that  the  friction  force  of  the 
pinion  on  the  gear,  before  the  pitch  pointy  acts 
in  the  direction  of  (-)n^.  Therefore 


« friction  force  on  gear  with 


s 


a +1  for  a < LP  (approach) 


(A-6) 


By  inspecting  Flgurs  A-4»  one  aeee  that  force  equilibrium  of 


the  gear  io  expressed  by 

“ *''xN^  “ '‘^xN^  '^yN^  “ '‘^yN^  “ ® (A“9) 

Similarly,  moment  equilibrium  of  the  gear  is  given  by 


«in^  - '’n'‘V^xN  ♦ FyN^’  ^ ^ ^ 

X <-)«/‘F^W^  « 0 (A-10) 


) 


Note  the  use  of  equation  (A-2)  to  express  the  friction  moment 

w 

at  the  gear  pivot. 

With  the  help  of  equations  (A-4)  and  (A-5)  one  may  write 
equations  (A-9)  and  (A-10)  in  scalar  form.  Thus, 


FgCoss  - MsF^jSin#  - - ^Fyjj  « 0 (A-11) 

F.sinfl  - MsF„costf  + F„„  - mF^„  « 0 (A- 


Equation  (A-IO)  becomaa 


^in  ■ '’n'*  ^ 


yU  ’ Vo  ^ ° 


Simultaneous  solution  of  equations  (A-II)  and  (A-12)  for 
^xN  ^yN  8iv®e 


F « P (1  “ a)co9$  > mQ  4 s)slng  (A-I4) 

1 + 


and 


^yN  * ^ 


(1  - M^s)8lntf  -f  m(1  ■»  a)ooag 
1 


(A-15) 


When  the  above  expressions  are  substituted  into  the  moment 

2 

equation  (A- 13)  *nd  if  one  notes  that  s always  equals  <fl, 
the  following  expression  for  Is  obtained: 


- 


M 


in 


Hy,  + 


(A-16> 


A-14 


d.  FORCE  ANALYSIS  OF  THE  PINION 


Force  equilibrium  of  the  pinion  ia  aeaured  by 

« 0,  (A-17) 

while  moment  equilibrium  ia  given  by 

- (o  - ‘’v]  - 

(FjjT5^^  + MBFgTTj)  » 0 (A-18) 

In  aoalar  form,  the  above  become 

-FgCoai?  + MsF^aintf  + Fj^^^  - « 0 (A-19) 

F^ainfl  + /ieF^coes  - ■ 0 (A-20) 

«o  ♦ - Vc  ♦ - •)''c  • « '^-2') 


Equatione  (A-19)  and  (A-20)  ar*  now  aoXvad  almultanaously 
for  and  Fy^.  This  givts 


^xn  ” 


(1  M s)co8tf  ■*■  M ( 1 - a)alng 
— _ ^ 


(A-22) 


1 + 


and 


TT  mV  (1  + ^ a)sin^  - m(1  - a)cos( 
'yn  'c  T— 

1 + 


(A-23) 


Equations  (A«22)  and  (A-23)  are  than  substitutsd  into 

the  moment  equation  (A-21),  This  furnishes  the  following 

expression  for  the  normal  contact  force, F^.  ( Again,  s^  always 
equals  -fl.): 

K 

F a — — ... 

^ **b  " '*['*n 


(A-24) 


e.  MOMENT  INPUT-OUTPUT  RELATIONSHIP 


Tho  equillbrant  momont, may  be  expressed  as  a function 
of  tho  input  moment,  , after  equations  (A-16)  and  (A-24) 

have  been  aet  equal  to  each  other*  Thus, 


8(d  - a) 

1 — I 

a 

a 

1 

ss 

. Q. 

(A-25) 


The  inp\it-output  relationship  may  also  then  be  expressed  in  terms  of 


Mq  » 


£ 


2 


whore  IiIt  b 


1 


1 


/n  ^ ~ ^)] 


M - sa) 


(A-26) 


and  ropi'oaents  the  effioienoy  of  moment  transmission  of  a 
single  step-up  mesh  with  involute  teeth* 


4.  MOMENT  INPUT-OUTPUT  RELATIONSHIP  FOR  THREE  ST£P~UP  GEAR 

TRAIN  IN  SPIN  ENVIROh'MENT 


Figure  A-5  shows  the  basic  configuration  of  the  three 
step-up  gear  train  for  which  the  relationship  between  the 
equiliurunt  output  moment  acting  on  pinion  4i  the 
input  moment  acting  on  gear  t,  is  to  be  found. 

The  body-fixed  x-y  coordinate  system  has  its  origin  at 
the  spin  axis^CjOf  the  fuze  body,  and  Its  x-axis  coincides 
with  the  line  C-0^,  where  0^  represents  the  pivot  axis  of  the 
input  gear-spin  rotor  combination.  Points  0^^  0^  and  0^ 
represent  the  pivot  axes  of  gear  and  pinion  no.  £,  gear  and 
pinion  no,  3i  and  pinion  no,  4, respectively.  Further, 

^ a distance  from  the  spin  axle  to  the  various  pivot  axes 
Rbi  s base  radii  of  gears 

r^l  a bass  radii  of  pinions 

a angle  between  positive  x-axis  and  line  of  centers  0^-0^ 

/3g  a angle  between  positive  x-axis  and  line  of  center! 

/?^  a angle  between  positive  x-axis  and  line  of  centers  0^-0^ 

a angle  between  positive  x-axis  and  lines  C-0^ 


A-18 


<»2  = 


pressure  angle  of  mesh  between 
pressure  angle  of  mesh  between 
pressure  angle  of  mesh  between 


gear 

no. 

1 

and 

pinion 

no. 

2 

gear 

no. 

2 

and 

pinion 

no. 

3 

gear 

no. 

3 

and 

pinion 

no. 

4 

To  obtain  the  moment  input-output  relationship  o.f  the  total 
train,  the  input-output  relationships  of  the  individual 
components  must  first  be  obtained.  The  following  equilibrium 
analyses  Include  pivot  as  well  as  contact  friction  forces,  in 
addition  to  loads  due  to  the  centrifugal  forces  on  the 
individual  cuinpononts.  The  directions  of  the  tooth-to-tooth 
friction  forces  »r«  chosen  according  to  the  rules  of  Section  1 
of  this  appendix,  using  an  appropriate  slgnum  convention.  The 
direction  of  the  pivot  friction  forces  is  chosen  according 
to  Section  2.  and,  to  avoid  difficulties  with  ths  direction 
of  the  associated  friction  moment,  equation  (A-^b)  will  be  used* 

«•  Q£..moK  k 


Figure  A-6  shows  a free  body  diagram  of  pinion  4.  The 
contact  between  gear  3 And  pinion  4 is  »hown  bafore  contact 
point  has  passed  through  pitch  point  Pj.  The  unit  vector 
is  along  the  line-of~actlon  in  the  direction  of  the  contact 
force  of  the  gear  on  the  pinion. 


A-20 


Thus, 


+ 0^)1  - cos(/3j  + 


(A-27) 


unit  vector  normal  to  the  line-of- action  is  given  by 


The  contact  force  then  becomes 


(A-29) 


friction  force  of  gear  3 on  pinion  4 la  given  by 


^f34  " '‘®5^34”N34 


(A-30) 


where  contact  before  the  pitch  point 

= 0,  for  contact  at  the  pitch  point 

a^  - „i ^ for  contact  after  the  pitch  point 
(See  also  Section  1.) 


a cos(|3^  + 0^)1  + si.Ti(p^  + 9^)3 


(A-28) 


A-22 


The  normal  forces  on  the  pivot  shaft  are  given  by 


and 

The  associated  pivot  friction  forces  are  given  by  j and 

T for  the  indicated  direction  of  rotation.  The  centrifugal 
force  on  the  pinion  is  represented  by 

^4  =*  T^^(ooay^T  + siny^^  J) 

where 

T4  ■ 

With 

w a spin  angular  velocity 
and 

a mass  of  pinion  4 

The  force  equilibrium  equation  la  given  by 

^34^34  ^ ''®3^34®N54  ^ Vcoar^  I + sinr^  J)  + I 
+ ^Fy^I  + /‘Fx4  I - ° 


(A-33) 

(A-34a) 

(A-34b) 

(A-540) 


A-23 


Moment  equilibrium  la  given  by  the  following  expreaslon,  in 
which  the  pivot  friction  moment  la  expressed  according  to 
Equation  (A-3b); 

* ^y4  ^ W34  ” '*®3^‘*3  “ *3>''34 

« 0 (A-36) 

where  repreaento  the  pivot  radius,  d^  is  the  length  of  the 
line>of'action  of  the  meah  from  points  of  tangency  to  the  base 
olrolea.  a^  la  the  distance  on  the  line  of  action  from  the 
gear  point  of  tangency  to  the  contact  point  C^. 


Equation  (A-33)  gives  the  following  component  equations: 


F^^sin(^^  + e^)  * AiSjF.^^^oosC^j  + h^)  > T^oosVj^  ^ F, 


x4 


" MFy4  - 0 


(A-37) 


-F^^ooa(/i^  + 0^)  + ^8jFj4^sin(|9^  + 9^)  + T^^ainri^  " ^ 


♦ mF, 


x4 


y4 

(A-38) 


« 0 


Simultaneous  solution  of  the  above  for  and  results  in 

"'*4  ■ ~ ■ *’34[<'  * " *5 

- /*(!  - s^)cos(/Jj  + ^3^]|  (A-39) 

and 

Fy4  ■ "7"].  72  1^4  “ ^34  ■*■  ^3) 

+ ^^(1  - a^)ain(/3j  + ^3)]!  (A-40) 

To  obtain  conservative  values  for  the  pivot  friction  moment 
in  equation  (A-36)  according  to  equation  (A-3b) » substitutes 
the  largest  possible  values  for  and  Fy^»  This  is  accomplished 
by  making  the  signs  of  T^^  and  F^^  positive  and  by  using  the 
absolute  values  of  their  respective  coefficients  in  Squations  (A-39) 
and  (A-40).  Equation  (A-36)  then  becomes 

-Mo4  " * ^34^3  \'^3  ^34^4^  ' *’^4^54 

- MS^(d^  - »jj)^34  « 0 (A-4I) 

where 

I sinY,  - #*oosv.  I 


Finally  equation  (A-40  is  solved  for  F 


34 


M 


'34 


o4 


Vi 


where 


Aj) 

El  ■ fb4  - - *3>  * + *b>] 


b.  EQUILIBRIUM  OF  QEAR  AND  PINION  SET  NO.,  3 


Figure  A>7  shows  the  free  body  dlasram  of  gear  and  pinion 
set  no,  5.  Contact  point  C^,  between  pinion  k «nd  gear  3, 
is,  as  shown  previously  in  Figure  A-6,  before  pitch  point  P^. 

The  normal  force , along  the  line- of- action,  is  given  [see 
equation  (A-29)  1 by 


^43  * ”^34'*^34 


(A-49) 


and  the  associated  friction  force  io  given  [see 

equation  (A-30)'  1 by 


^f43  “ “*3'*^34^N34 


(A-50) 


The  unit  vectors  alongCand  perpendicular  to) the  line- 
of-action  of  gear  2 and  pinion  3 are  given  by 


^23  “ -sin(/32  6^)  I + coa(|02  - 0^)  J (A-50 

and 

^N23  * — coa(/?2  ••  ^2^  ^ ~ sii^(^2  **  *^2^  ^ (A-52) 


A-27 


The  contact  point  between  gear  Z and  pinion  3 is  also 
shown  before  pitch  point  ?2  1»  passed, 

The  normal  contact  force  between  these  teeth  then  becomes 


(A-53) 


The  associated  friction  force  Is  given  by 


" ““•2^23^N23 


(A-54) 


where  a^  « ‘tl  for  contact  before  pitch  point  P2 

82  « 0 for  contact  at  pitch  point  ?2 

82  a -1  for  contact  after  pitch  point  P2 

The  normal  forces  on  the  pivot  shaft  are  given  by 


^3  ■ '■x3^ 


(A-55) 


P - o “P  ^ 1 

■y3  y3‘^ 


(A-56) 


The  associated  pivot  friction  forces  are  represented  by  (-)MFy^I 


A-29 


a 


and  for  the  indicated  direction  of  gear  rotation 

The  centrifugal  force^T^.on  the  aaaombly  la  given  by 

a Tj(coay^i  + alny^J) 

where 

Tj  . 

With 

B maao  of  pinion  and  gear  3 
Force  equilibrium  ia  given  by 


F23TI23  - ^®/a3^Na3  " “ "®/34^N34  ^ ^3^ 

^ ^3^  - ^*^y3^  “ ^y3^  " '*^x3'^  * ° 

Moment  equilibrium  requirea 

^b3^34  “ ^“3®3^54  " ^b3^23  ■*■  “ *2  ^^23 

* "j(r,3  * ?yj)  " 0 


(A-57) 

(A- 58a) 
(A58b) 

y^I  + aln 
(A-39) 

(A-60) 


Not®  the  U8o  of  equation  (A-3b)  for  the  pivot  friction  moment, 
rapreaenta  the  pivot  radius  and  length  d2  is  the  length  of  the 


line-of- action  between  the  points  of  tanijenoy  to  the  base  circles. 


is  the  distance  along  the  llne-of-action  from  the  gear 
point  of  tanttency  to  the  contact  point  C2. 

The  component  form  of  equation  (A-59)  is  represented  by 
the  following  two  expresaions: 

-F23*ln(/?2  - $^)  + /*a2F230oa(/?2  - tfg)  - F^^ain(/J^  + tfj) 

- /i8jFj^coa(/9j  + 9^)  + Tjcoav^  + F^^j  - MFyj  a 0 (A-6I) 

and 

FgjCoaC/i^  - 9^)  + /»a2F23ain(^2  “ ®2^  *5) 

- 9^)  + T^alny^  - Fyj  - 

a 0 (A"62) 


Slmult;jneoua  solution  of  the  above  for  Fj^j  and  Fy^  leads  to 


and 


F •,  a 

y3 


1 + 


'23 


+ T, 


(1  82)000(^2  - 0^)  + m(82  " 1)»in(/?2  “ e^) 


ain  Vj  ■♦■ 


couy 


- + l)ain(/?j  + tfj) 


.j  * ^34 


(A-64) 


Now,  oquatlona  (A-63)  and  (A-C4)  are  aubstitutad  Into  the 
moment  equation  (A-60)  with  oonaideratlon  of  the  pivot  friction 
moment  according  to  equation  (A-3^)*  This  gives 


'^b3^34  *■  '***3^34  " *‘b3^.'0  * “ ®2>‘^23 

+ M/*3p23^‘S  * ^8^  * ^3^^6  ^ ^34^^7  ^ 

a 0 (A-65) 


where 


«• 


(1  + /'B^)coa{B^  “ ^2)  '*(*2  " " ®2^ 




] + 


( A-66) 


H • 


ainv^  + A*coey^ 

^ — ii. 


1 + 


(A- 67) 


I. 


A-}2 


7 • 


~ ^ a,)co«(/5f,  + «,)  - m(1  8*)0in(/?.  + tf.,) 


1 + m‘ 


(1  ^ /ag)Bln(/ig  - tfg)  -t-  m(1  » ag)cos(/?g  « 9^) 


\ ^ 


A9  « 


MBinr*  - eoay. 


1 + m' 


^10  ■ 


(1  - M B*)aln</3*  + 6,)  + m(1  f o*)ooa(/3,  ♦ j«) 


1 + 


Finally  aquation  (A-65)  is  aolvad  for  F- 


F23  • 


whera 


C2  « + A,o)j 


C3  ■ M^CAg  + Ag) 


Dg  - r^3  - M 


- 82)  ♦ + Ag)j 


A-33 


• --H  . • . .~vt  .«.  to., 


0.  EQUILIBRIUM  OF  GEAR  AND  PINION  SET  WO,  Z 


Figure  A-8  ahowa  the  free  body  diagram  of  gear  and  pinion 
set  no.  2.,  The  oontaot  point  0^^  between  gear  2 and  pinion  ia 
again  shown  before  the  pitch  point  is  paaaed.  (See  also  Figure  A-7«) 
The  normal  force » along  the  line'of-aotloni  beoomea  with  equation  (A-?2) 


(A-76) 


The  aaaoolated  friction  force, ia  given  by 

^f32  “ '**2^23''N23  (A-77) 

The  unit  vectora  along (and  perpendicular  to) the  line-of-action 
of  gear  1 and  pinion  2 are  given  by 

t • 
t 


TT,2  « aln(^,  + »,  )I  - coa(//,  + )T  (A-78) 

t 

and 

■ coa(|3,  + tf,)T  + ain(/},  + )T  (A-79) 


The  oontaot  point  C|  between  gear  1 and  pinion  2 is  alao 
fchown  before  pitch  point  Pj  !•  paieed, 


The  normal  contact  force  between  the  teeth  of  this 


mesh  becomes 


^12*^12  * 


(A-80) 


while  the  associated  friction  force  is  given  by 
(See  Section  1 of  this  Appendix.) 


ffl2  “ ^®1^12*'n12 


(A-81) 


where  s^ 
«1 


a +1  for  contact  before  pitch  point  Pj 
a 0 for  contact  at  pitch  point  Pj 

a -1  for  contact  after  pitch  point  Pj 


The  normal  forces  on  the  pivot  shaft  are 


and 


-F 


(A-82) 


(A-83) 


The  associated  pivot  friction  forces  are  again  chosen  such  that 


A-36 


their  friction  moment a oppose  the  Indioated  rotation 


The  centrifugal  force.  T^tOn  this  gear  and  pinion 
is  given  by 

t 

where  Tg  = 
with 

Mg  s mass  of  gear  and  pinion  set  no.  2 
Force  equilibrium  is  given  by 

"^23^23  '‘®2^23^N23  ^12^12  '*®1^12'^N12 

T Tg(  000^2^.  + sinvgj)  - ''xa'I  - fyaJ  * 'W 

a 0 


Moment  equilibrium  is  given  by 


-«b2^23 


'*®2®2^23 


*‘b2^12 


- MS^ (d^  - a^ )F 


1''12 


- MPg(?3jg  + ?yg)  a 0 


A-37 


assembly 

(A-84) 

(A-85a) 

(A-85b) 

- 

( A-86) 
(A-87) 


Again,  equation  (A-3^)  la  used  to  account  for  the  pivot  friction 
moment,  represents  the  pivot  radius,  d^  Is  tho  length 
of  the  line- of- action  between  the  points  of  tamgency  to  the 
base  circles,  and  a^  is  tho  distance  from  the  point  of  tangenoy 
of  the  gear  to  the  contact  point  Cp 

Tho  component  form  of  equation  (A-86)  is  given  by 

•f  /*s,P|2®o*(/’l  ♦ «i)  ♦ T2C00)'2  - Fjj2  ♦ MFyg 

■ 0 (A-88) 


-F2^oos(/?2  - e^)  - AS2F2jSln(/?2  - 9^)  - 

+ Ma,F,28itt((9i  «i)  + TgSinyg  - Fyg  - 


m 0 


(A-89) 


Simultaneous  solution  of  the  above  furnishes 


1 + m‘ 


-F,g|^^*(1  - o,)cos(^^  4 Oj)  - (1.  4 M^apsin(/3^  4 

T2|MSlnr2  4 coay2j 

Fg^j^O  - 


m(1  4 82)cos(«2  - j 

(A-90) 


a-38 


and 


V = TTTS"  j"^12 + 9,)  + (1  + 9^B,)coa(^,  + <,^)j 

+ T2|siny2  “ #*008  72^ 

+ F23j^~f‘(l  + •2)aln(fl2  - “ 0 - i^^B^)coa(p^  - ®2)j  j 

(A-91)  i 

» 

Now,  equations  (A-90)  and  (A-91)  are  substituted  into  the 
moment  equation  (A-87).  With  considerstion  of  the  pivot 
friction  moment  according  to  equation  (A-Jb),  this  gives 

•^b2®’23  * '*®2®2F2J  ♦ *’b2^12  “ '**1  (d,  - a,  )F,2 

- ^P2[^12<A,1  ^ A^)  4 T2(A,2  + A,5)  4 F23(Ai3  4 A,g)j 

= 0 (A-92) 


In  the  above 


m(1  + 8^)8111(^2  * - $2,) 


e,)cos(/3i  + i9, ) ~ (1  + M s,)sin(/?,  + 5.) 


8o)8in(,fl 


m(1  + a^)ooBiii^  - 


Finally,  equation  (A-92)  la  aolved  for 


fa*®),  ^ 

F,n  * ^ ■ j-g, 

D, 


(A-99) 


, 


where 


® ^b2 


- 


‘2®2  “ ^16^ 


(A-100) 


Cej  ■ ^'’2^^12  ^ ^15^ 


(A-101 ) 


(A-102) 


A-40 


kiMil-vtt  cj>-> 


wrnprnismmBfBSf^- 


d.  ECjUI LIBRIUM  OF  QEAR  NO.  1 


1 


Figure  A-9  shows  the  free  body  diagram  of  gear  no.  1 , the  j 

Input  gear.  1 

Thu  contact  ooint  C,  la  identical  with  that  shown  in 
Figure  A-8.  1 1 

The  normal  force  un  gear  no.  1 Is  given  by  (See  ] 

equation  (A-80).)  | 

i 

T-2,  = -PuHia  1 


The  associated  friction  force  Is 


^f21  " 


(A-104) 


The  normal  forces  on  the  pivot  shaft  are  given  by 


P 4 B ••F  4^! 
x1  xl 

and 

^yl  “ ^y1^ 

The  associated  pivot  friction  forces  are  chosen  in  such  a 
direction  that  their  moments  oppose  the  indicated  rotation. 


(A-105) 

(A-106) 


The  centrifugAl  force  on  geair  1 is  given 


(A-10?) 


where 


(A-108a) 


a mass  of  gear  1 


(A-t08b) 


Force  equillbriuin  la  given  by 


-F,^Tt 


12®12  “ '‘•i^12’^N12  ♦ F ,3  + 


y,3  MFy,I 


+ mF^,3‘  - 0 


(A-109) 


Moment  equilibrium  la  found  from 


Rk,F 


bl^12  “ ^^yl>  “ 0 


(A-nO) 


The  form  of  equation  (A-3b)  la  again  utilized  to  obtain  the 
pivot  friction  moment,  represents  the  pivot  radius  of 


A-43 


The  component  form  of  equation  (A-109)  becomes 


and 


0 


(A-ni) 


F,20oa(/3i  + - nB^lP^^ai.nUi^  + 9,)  + Fy,  ■»■ 


a 0 


(A-112) 


Simultaneous  solution  of  equations  (A-111)  and  (A-112)  furnishes 
the  forces  on  the  pivot,  i.s., 


^xl  =• 


F , a 

yi 


■F^glci  - /A^s^  )oin(tf^  ■»■  + /i(l  + spcoa(/^^  ■*• 


T, 


1 + 


(A-1 13) 


12 


m(1  •>•  spsin(/j,  + 0^)  - (i  - ,.^8,)cos(/?,  » <?,)]■  <>T, 


1 4 /** 


(A-114) 


Equations  (A-113)  and  (A-II4)  are  now  substituted  into  the 
moment  equation  (A-110)  in  the  following  manner;  (Again, 
the  method  of  equation  (A-3b)  is  applied.) 


A-44 


i in 


-■■■A...  — .am a. fcM<g....H  W4  .liiL’KU. 


'r\u 


In 


[*'12^^17 


■*■  A.q)  + T,(A,Q  + 


iria^^i?  " ^19' 


B 0 


^20^] 

(A-115) 


where 


M7 


0 - )aln(/?^  0^)  •»  mQ  + B^ooa(/3^  4- 

1 + 


(A-116) 


1 ♦ 


(A-n?) 


M9 


m(1  -I-  a^alnC/?,  + ■ (1  - )oos(/?^  ■»  0^ ) 


(A-n8) 


^20  ■ 


1 + / 


(A-119) 


Finally,  aquation  (A-U5)  la  solved  for  F,2 


^12  “ 


Min  . „Vi 


(A-120) 


where 


Cg  = m/*^(A^q  4 A2q) 


Di.  ® R^l  • ^1*1*1  “ ■*■  ^iq) 


\*\  " *"19' 


(A-121) 

(A-122) 


A-45 


e.  INPUT^OUTPUT  RELATIONSHIP 


r: 


To  obtain  the  input-output  relationship  for  the  complete 
gear  train,  equation  (A-120)  ia  now  equated  to  equation  (A-99)* 
This  furnishes 


'33 


— ^ - T,C.)  - T. 

in  16  2 Q 


(A-123) 


Further,  the  above  1s  equated  to  equation  (A-72),  This 
results  in  the  following  expression  for 


F,.  « — (Min  • TiCg)  - Tg-Z-l 


(A-124) 


Finally,  equation  (A-124)  is  equated  to  equation  (A-46), 
This  establishes  the  input-output  relationehip 


i m 


. MOMEMT  INPUT-OUTPUT  RELATIONSHIP  FOR  INVOLUTE  TWO  STEP-UP 


GEAR  TRAIN  IN  SPIN  E^n;IRO^'MENT 


Flgur*  A- to  ahowa  tha  baalc  oonflguratlon  of  a two  atap-up 
gear  train  with  Involuta  taath  for  which  tha  rolatlonahlp 
batwaan  tha  aquillbrant  output  momant, acting  on  pinion  3, 
and  tha  Input  fflomant, acting  on  gaar  1 la  to  ba  found. 

All  iiomanclatura  la  identical  with  that  uaad  In  Saotlon  4 
in  oonnaotlon  with  the  three  atap-up  gaar  train. 

Again,  tha  general  relatio.nahlp  between  Input  and  output 
la  found  by  aaaambllng  tha  Input-output  rolatlonahipa  of  tha 
Individual  component  gaara. 


Figure  A-11  ahowa  the  free  body  diagram  of  pinion  3* 
The  contact  point  between  gear  2 and  pinion  3 la  ahown 
before  the  pitch  point  la  paaaad. 


A-47 


PIHIOS  3 


As  inequation  (A-55)»  the  normal  force  between  the 
teeth  of  gear  2 and  pinion  3 is  given  by 

^23  ~ ^23^23 

The  associated  friction  force  is  given  by  equation  (A-54),  i 
^f23  * “'‘^2^23^1,23  (A 


where  82  = 

+ 1 , 

for 

contact 

before  pitch  point 

®2“ 

0 , 

for 

contact 

at  pitch  point  ?2 

®2” 

-1  , 

for 

contact 

after  pitch  point 

The  unit  vectors  in  equations  (A-126)  and  (A-12?)  were 
defined  by  equations  (A-51)  and  (A-52),  respectively!  The 
normal  forces  on  the  pivot  shaft  aro  given  by 

^x3  “ ^x3^ 

and 

^y3  ” ”^y3^ 


-126) 
• O • « ' 

-127) 


-128) 


-129) 


A-50 


The  pivot  friction  forces  become  (»)mF  ,1  and  (-)mF  for 
the  indicated  direction  of  rotation. 

As  in  equation  (A-57)»  the  centrifugal  force  on  the 
pinion  is  given  by 


^3  * T^icoay^i  + sinv^J) 


(A-I30) 


where 


T3  * Jiy  »3 


with 


(A-I3I) 


m 


^ a mass  of  pinion  5 


(A-132) 


Force  equilibrium  is  given  by 


Fgjfigj  - m82F23Hj^23  + T^Ccosy^I  + sinv^J)  ^ F^^i 


-Fyjl  - FyjJ  - ,r^jJ  = 0 


(A- 133) 


Moment  equilibrium  is  obtained  from 


”03  - ''b3*'23  * * “2>^23  + "'3<''x3  * f'y3>  = 0 


(A-134) 


A-51 


. . ..■Ill'  ‘ 


Note  the  use  of  equation  (A-3b)  for  the  pivot  friction  moment 


I 

I 


I’  ■ 


!■  i 
I 


represents  the  pivot  radius,  is  the  length  of  the  line 
of  action  between  the  points  of  tangency  to  the  base  circles 
of  pinion  3 gear  2.  a2  is  the  distance  along  the  line-of- 
action  from  the  gear  point  of  tangency  to  contact  point  C2. 

The  X and  y components  of  equation  (A-133)  given  by 


-F238ln(/J2 


^2^  M SjF2jjCoe(/i2  “ 


♦ TjCO.rj  + F^j 


'} 

I 


y3 


2 ^2^  ^ ^ S2)cos(/?2  “ ^2^  ""  0®in(/^2  “ ®2^j| 


•♦•  T^  ainy^  + Mcoay^ 


(A-138) 


Now,  equations  (A- 137)  and  (A- 138)  are  substituted  into  the 
moment  equation  (A-134)  , with  the  pivot  friction  moment  given 
according  to  the  formulation  of  equation  (A-3b): 


^03  " *’b3^23  “ *2^23  ^'*3p23^^1  * '^3^^2  * ^4^] 

(A-139) 


a 0 


Where 


^1  “ 


(1  + M S2)ooa(/i2  - 0^)  + ^*(*2  - 1)«in(/?2  - 

■ ' ' ~ " 2 

I + 


(A- 140) 


ainVj  ■<•  Mcosy^ 


1 + M 


A^  a 


(1  + /^^a2)sln(/?2  - ^2^  '*'  “ ®2)o°®()'^2 

— 


1 + n* 


(A-141 ) 


(A-142) 


b.  EQUILIBRIUM  OF  GEAR  AND  PINION  SET  NO.  a 


■1 

i 

Figure  A- 12  shows  the  free  body  diagram  of  gear  and  j 

pinion  aet  no.  2.  The  contact  point,  Cg*  between  gear  2 and 
pinion  3 is  again  shown  before  the  pitch  point.  Pg.  With  | 

equation  (A-126)i  the  normal  force  between  the  teeth  of  this  I 

mesh  becomes  | 


^32  “ "^23”23  (A- 147) 

The  associated  friction  force  is  the  negative  of  equation  (A-12?)t  i«e*. 

^f32  “ ''®2^23^N23  (A- 148) 

Similar  to  equation  (A-80),  the  normal  force  between  gear  1 
and  pinion  2 is  given  by 

* ^12^12  (A- 149) 

(See  aquation  (A-78)  for  the  definition  of  unit  vector  Wjj.) 


Figur«  A-12  shows  ths  contact  point  bsfors  the  pitch  point 
is  passed* 

The  associated  friction  force  is.  given  by 


^fl2  * 

where  s^  ■ 4-1  , for  contact  before  pitch  point 

Sf  ■ 0 I for  contact  at  pitch  point  Pj 

8^  ■ -1  I for  contact  after  pitch  point  p^ 

The  unit  vector  is  given  by  equation  (A-79). 

The  normal  forces  on  the  pivot  shaft  are  given  by 


*'y2  " 


(A-150) 


(A-15U 


(A-152) 


The  associated  friction  forces  and  *•**•  chosen 

>0  that  their  moments  oppose  the  indicated  rotation* 

The  centrifugal  force  on  this  gear  and  pinion  assembly  is 
expressed  by 


■ '-'V 


A-57 


T^(oo»y^1  ♦ ainygj) 


(A-153) 


wherf 


> aaaa  of  gaar  and  pinion  set  no.  2 


(A-154) 

(A-155) 


Force  equilibrium  la  given  by 

"^23®23  * ^•2^23*N23  ^12*12  '‘•l*'l2**N12 

+ T2(coa>2l  ■*•  alny2J)  - Fj^2^  /‘Fy2^  - FygJ  - '*^x2^ 

• 0 (A-156) 

Moment  equilibrium  la  given  by 

‘^b2®'23.  * '‘•2*2^23  * *'b2^12  “ 

- mP2<Px2  + ^y2>  ■ 0 (A-157) 


Again  I equation  (A-3b)  la  used  to  obtain  a oonsorvative  pivot 
friction  moment,  represents  the  pivot  radius,  and  a^ 
are  similar  to  the  previously  used  distances  along  the  lines 
of  action  of  the  other  meshes. 


A-58 


I 


Now  equations  (A-160)  and  (A-161)  are  substituted  into  tho 
moment  equation  (A-!57)  with  the  pivot  friction  moment 
formulated  again  according  to  equation  (A-3to)s 


‘^b2^a3  '‘®2*2^23  ^b2^12  ‘ ^**1  " *P^12 


- m?2 


♦ A^)  ^ ^23^^7  ^ ^ 


(A-t62> 


where 


/i(l  - s,)sln(/?,  ♦ ) * (1  ♦ M'“a.)ooa(/»,  * $.) 

A.  « ] 1 ] 5 -2 3 1—  (A-163) 


) + tr 


siny^  - M00SV2 

— rrT — 


(A-164) 


m(\  ♦ ap)sln(/)p  - + (1  - /*^Sp)coe(/?p  - j-) 


1 


(A-165) 


Ag  - 


mO  - S|)oos(^j  + 6.)  - (1  ♦ >A^S|)sin(fl^  * ) 


1 + M 


(A-166) 


A9  . 


ASinYg  * cosy. 
1 + * 


(A-167) 


Finally  equation  (A- 162)  ia  aolved  for  F 


EQUILIBRIUM  OF  QLAR  NO.  1 


c . 


Ficure  A- 13  shows  the  free  body  diagram  of  gear  no.  1, 
trie  input  gear. 

The  contact  point,  Cp corresponds  to  that  shown  in  Figure  A-12. 
According  to  equation  (A-149),  the  normal  contact  force 
between  pinion  2 and  gear  1 becomes 


^21  “ "^12'^12 


(A-173) 


The  associated  friction  force  is  the  negative  of  equation  (A-1J50), 
i.e. « 


Fj2i  * “ ^®1^12*^N12 


(A-174) 


The  normal  forces  on  the  pivot  shaft  are  given  by 


F^,  = -P^,l  (A-175) 

and 

Fyi  = Fy^J  (A-176) 


A- 65 


The  .saoetated  friction  forcea  ,Fy,t  nnd  „r,  „n„s,„ 

with  euoh  direction,  that  th.lr  moment,  oppo.e  rotation  due 

to  input  iTioment 

Centrifugal  force  T,  on  g<»ar  1 ie  given  by 


= T'i 

where,  as  with  equation  (A-10?) 
and 

* mass  of  gear  1 


(A«1'»7) 


(A-178) 


(A-179) 


Force  equilibrium  of  gear  1 is  given  by 

-''i2“ia  - '"i^iahKia  * T|I  - + Fy,J  * 

+ 8 0 

Moment  equilibrium  la  given  by 

A-65 


Note  thet  equations  (A-180)  and  (A-1d1)  have  the  sane  forms 


as  equations  (A- 1 09)  and  (A-110). 

The  force  component  expressions  are  the  sane  as  given  by 
equations  (A-111)  and  (A-n2)i  and  their  simultaneous  solution 
for  the  pivot  forces  is  identical  to  that  given  by  equations  (A-113) 
and  (A-1 14) » i**« • 


- n^spsln</?^  + «, ) + m(1  S|)oos(/?^  ■> 


1 + 


(A-182) 


F|2r*(1  a^)sin(/?^  * - (1  - m^s,)oos(/?,  * i?,)  - mT, 


1 + n* 


(A-18J) 


Equations  (A-182)  and  (A-183)  ore  now  substituted  into  equation  (A>181) 
according  to  the  method  of  equation  (A-3h) 


^b1^12  ” '*®1*1^12  " ”in  '‘'*1  [^12^^11  ^13^  * -1^^12  "*■  ^14^] 


■ 0 


(A-184) 


A-66 


I 


whera 


Ml 


(1  - n‘^Sy)a±n(ft^  + 0^)  + /i(l  + 3^;30b(^^  * s^) 


1 + 


(A-185) 


A, 2 = 


1 + 


(A- 186) 


A, 3 a 


m(1  + a^)ain(/?,  + ) - (1  - *»^Sj  )cos(/?^  + 



1 + 


(A-187) 


1 + 


(A-188) 


Finally,  aquation  (A-184)  is  aolvad  for 
M^v,  T.C. 

F.p  = -i£  - -JJL  (a-189) 

Dj  Dj 

where 

^14^  (A-190) 

D3  a - ^j^a,a,  - P,(A,i  + Ai3>j  (A-I9I) 


li 


A-67 


d.  INPUT^OUTPUT  RELATIONSHIP 


To  obtain  the  input-output  relationship  for  the  complete 
gear  train,  equation  (A-169)  Is  now  set  equal  to  equation  (Ar1>69)« 
This  furniehes 

■ ^.=4]  - 

The  above  is  then  set  equal  to  equation  (a-144)*  This  results 
in  the  input-output  moment  relationship 


°2 


(A- 192.) 


^03 


C^Dj 


"in  - *1=4]  - 


C.D, 

T,  - T,C 


3"1 


(A-193) 


■i 
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6.  AUXILIARY  GEOMETRIC  AND  KINEMATIC  EXPRESSIONS  FOR  TWO  AND 
THREE  STEP-UP  GEAR  TRAINS  WITH  INVOLUTE  TEETH 


a.  NOMENCLATURE  FOR  INVOLUTE  GEAR  TEETH 


**pi'  V 


a 


pitch  radii  of  gaar  and  pinion  of  gaar  and 
pinion  aet 


^bi»  *'bi 


base  radii  of  gear  and  pinion  of  i gear  and 
pinion  set 


'oi*  *^oi 


outside  radii  of  gear  and  pinion  of  1 gear  and 
pinion  set 


effective  pressure 

distance  from  spin 
pinion  set 


angle  of  mesh 

axis  to  pivot  of  1^^  gear  and 


b.  ANGULAR  RELATIONSHIPS  BETWEEN  PIVOT  HOLES 


Figure  A-14  shows  the  angular  relationships  between  the 
lines  connecting  the  pivot  holes  as  well  as  the  spin  center* 
(See  also  Figures  A-^  and  A-10.)  The  following  serves  to 
determine  the  angles  and  for  certain  combinations  of 
gears  and  pinions  as  well  as  spin  radii 


ANGLE  Y, 


From 


on«  obtains 


s ooa 


-1 


2 


2«,fc2 


Similarly,  from 


* -1 
Yj  a coa 


'*1*  «|  - (Hp2"V^ 


one  obtains 


yj  • »2  + Vj 
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A.180  with 


= cos 


-1 


*^3 


^4  ~ 

i?S«4 


one  obtains 


>,  8 y,  + V, 

4 3 4 


ANGLES  8, 


Since 


■ (®pi  ♦ V>^  * ®>  ■ 


8^  008 


-1 


(B„  ^ - g| 


Similarly, 


(A-196) 


(A-197) 


3)2  . »2 


c,  DETERMINATION  OF  CONTACT  POINT  C FOR  VARIOUS  MESHES 


Figure  A-15  shows  the  points  of  Interest  along  the  line  of 
action  of  an  Involute  gear  which  drives  an  Involute  pinion. 

Points  L and  L'  are  the  points  of  tangency  to  the  base  circles 
of  radius  R^  and  r^irespeotlvely,, and  the  distance  d > LL*.  Initial 
contact  Is  made  at  point  M|  where  the  line  of  action  Intersects 
the  pinion  addendum  circle  of  radius  r^.  Final  contact  corresponds 
to  point  N.  Here  the  line  of  action  Intersects  the  gear  adusndum 
circle  of  radius  R^. 

The  position  of  the  Instantaneous  contact  point  C with  respect 
to  point  L|  l.e.,,the  length,  a,  la  expressed  with  the  help  of 
Instantaneous  sngle  a which  has  Its  origin  at  the  line  0,L.  Then» 

a « LC  ■ R^«  (A-203) 

A computer  procedure  for  the  determination  of  In- 
stantaneous angle  a of  any  mesh  must  first  find  the  asso- 
ciated initial  and  final  angles  of  oontaot  and 
In  addition, It  must  oontsln  a method  for  Ihorenentlng 
angle  a.  The  following  shows  such  a procedure  for  eaoh  of 
the  meshes  of  a two  pass  and  a three  pass  step-up  gear  train, 
together  with  a moans  of  obtaining  the  signs  of  the  signum 
terms. 
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1.)  MESH  OF  GEAR  1 AND  PINIM  _g 


Th®  total  length  ,<1,  = lL‘;  ia  giv®n  by 


“ <«b1  ^ 


(A-204) 


Th®  Initial  angle  of  contact  obtain®d  from 

t'KI  ♦ 'b2>‘“‘l  - V 


®1in  " 


ML 

«bl 


(,.2  -2 

'*^02  * *^b2 


R 


b1 


(A-205) 


Similarly,  th®  final  angl®  of  contact,  ia  given  by 


“Ifin  ■ 


i 


q2  p2 

^o1  ^b1 

«b1 


(A-206) 


Th®  raagnitud®  of  th®  increment  depends  on  whether  one 
deals  with  a two  step-up  nr  a three  step-up  gear  train. 

Assuming  that  a two  step-up  train  is  involved  and  that  one 
wishes  to  compute  the  length  Oj  of  mesh  2 K2  times  after  the  first 
contact,  the  angular  increment .has  the  magnitude 


A-?6 


“2fin  “ "2in 


(A-207) 


^“22  = 


K 


2 


(The  second  subscript  refers  to  a two  step-up  configuration.) 
Because  of  the  transmission  ratio  between  gear  sets  1 and  2,  the 
associated  angular  increment  of  gear  1 will  be  smaller  than 


""12  = ^“22 


b2 


^b1 


(A-208) 


The  instantaneous  angle  will  then  be  given  by 


"1  “ “Un  * (A-209) 

and,  the  instantaneous  distance,  apbeoomes 

^)2'^“l2^  (A-210) 


In  the  above,  ,j^2  represents  the  number  of  times  the  angle 
has  been  incremented.  While  the  total  number  of  increments  depends 
on  the  length  of  contact,  the  incrementing  of  comes  to  an  end 
when  This  also  corresponds  to  a complete  mechanism 


A-77 


cycle.  Since  mesh  2 goes  through  ®®  many  cycles 

as  mesh  no.  1,  the  angle  has  to  he  re-lnitiallzed  to  "gin 
" "2fin*  increments.  (For  simplicity  it  is 

assumed  that  the  motion  starts  when  all  meshes  are  at  their 
initial  contact  angles, 

When  a three  step-up  gear  train  is  involved,  one  must  make 
sure  that  enough  computations  are  made  for  mesh  3.  Assuming 
that  increments  are  to  be  made,  one  obtains 


A A 


33 


"3fin 


(A-21 1) 


The  associated  angular  increments  for  meshes  2 and  1 then  become 


A o , = 


23 


-33^ 


R 


(A-212) 


b2 


and 


A or 


,3  = -33 

«b2  ^b1 


(A-213) 


For  this  case  the  instantaneous  distance  becomes 


“l  “ 


+ d,3A<.,3) 
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«bl^  "lin 


(A-214) 


stands  for  the  number  of  times  has  been  incremented  at  any 
given  instant.  This  incrementing  again  ends  when  -"ifin* 
Meshes  2 and  J are  re-initialized  to  and  "3in  often  as 

is  necessary  to  complete  one  cycle  for  mesh  no.  1 , 

The  sign  of  s^  is  best  obtained  from  the  fact  that  at 
pitch  point  Pj 


then  for 

< tanfl^  5 8^  = -fl 

a tanfl^  ; s^  * 0 (A-216) 

> tanfl^  i 8^  » -1 


2»>  MESH  OF  GEAR  2 AND  PINION  ^ 


Similar  to  the  previous  section 


^2  * (Rb2 


'21n 


®2fin 


r^Tj)tantf2 


'b2 


.i 


. r2 

^o2  ^b2 

^b2 


For  A two  step-up  gear  train, the  Instantaneous  length,  a2i becomes 

*2  “ ^b2^“2ia  * J22'^“22^ 
where  Jk<»22  Given  by  Equation  (A-207)  and 

^22  * •••!  ^2  * 

When  «2  2 “2fin  re-initlallaed  to  Ogin 

has  completed  Its  full  cycle. 
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(A-21?) 

(A-218) 

(A-219) 

(A-220) 

mesh  no.  1 


3.)  MESH  OF  GEAR  3 AND  PINION  k 


Agalni  In  the  same  vein  ae  in  Section 


**3  ® ^^b3  * **T54)tan^j 


(A-223) 


*3in 


^^b3  ^ J^b4^^*"®3  " V**-'  “ 


2 . r.2 

o4  b4 


'b3 


(A-224) 


*3fin 


r2  _ r2 

o3  ^b3 


^b3 


(A-225) 


The  Instantaneous  length, a^ tie  given  by 


«3  * ^b3^'*3in  ^33  “^“33^ 


(A-226) 


where  is  given  by  Equation  (A-211)  and  .1^^  * 1,2,...,  K^. 

henever  ^ "3fln  re-initialised  until  raesh  no.  1 

«ted  its  full  cycle. 

jl^:n  of  is  again  obtained  v/ith  the  help  of  an  expression 
tiquation  (A-215)s 


APPENDIX  B 


DESIGN  OF  UNEQUAL  ADDENDUM  INVOLUTE  GEAR  SETS  WITH  STANDARD 

CENTER  DISTANCES 

One  of  the  ways  of  preventing  undercutting  in  pinions  with 
email  numbers  of  teethy  which  must  mesh  with  gears  of  unequal 
and  larger  numbers  of  teeth,  is  to  decreane  the  pinion  dedendum 
together  with  the  gear  addendum  by  the  necessary  amount.  To 
maintain  standard  working  depth  for  such  a mesh,  the  addendum  of 
the  pinion  as  well  as  the  dedendum  of  the  gear  are  increased  by 
the  same  amount,  (This,  of  course,  presupposes  that  the  gear 
is  not  undercut  by  this  modification,)  This  can  be  accomplished 
without  any  change  in  the  standard  base  and  pitch  radii  or  the 
associated  standard  center  distance  by  "withdrawing"  the  hob 
during  the  cutting  of  the  pinion  and  feeding  it  "deeper"  when  the 
gear  is  cut.  In  this  way  the  pinion,  which  has  its  ouside  radius 
increased  by  the  hob  withdrawal  distanco,  will  have  a larger  than 
standard  circular  tooth  thickness  at  its  standard  pitch  circle* 

The  outside  radius  of  the  gear  is  decreased  by  the  same  amount* 
Because  the  cutter  is  fed  to  full  depth,  the  gear  tooth  thickness 
at  the  standard  pitch  circle  will  be  less  than  standard. 

The  following  gives  the  design  steps  for  this  type  of  gearing 

and  illustrates  them  by  way  of  an  example. 

B-1 


1.  STANDARD  GEAR  NOMENCLATURE 


N « number  of  teeth  of  jtjear 

n = number  of  teeth  of  pinion 

e s pressure  angle 

p s — L-  = s diametral  pitch 

^ 2R„  2r„ 

P P 

Peg  **  Standard  circular  pitch  at  pitch  circle,  where  also 


n 


pitch  radii  of  gear  and  pinion, respectively 
RpCos0  , base  circle  radius  of  gear 
rpCOSfl  , base  circle  radius  of  pinion 
^C8  , circular  tooth  thickness  of  gear  and  pinion 
respectively,at  standard  pitch  circles 


1.157 


a standard  gear  addendum 


s standard  £sai'  dedendum 
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2.  DETERMINATION  OF  HOB  WITHDRAWAL  DISTANCE  C 


Figure  B~1  indicfttea  the  relationship  between  the  pinion 
pitch  radius,  r , its  root  radius, r and  the  rack  cutter  addendum  A 
The  root  radius  is  formed  by  the  addendum  line  of  the  cutter 
tooth«  60  that 


Tj,  a Tp  - A (B-1) 

In  order  to  avoid  undercutting,  the  addendum  line  of  a sharp 
cornered  cutter  mujt  not  pass  below  point  L,  the  tangent  point 
of  the  line  of  action  and  the  base  circle  (see  Figure  B-2). 

The  minimum  root  radius,  becomes  for  this  case 

^rm  “ r^cosfl  a rpCoa^fl  (B-2) 

When  the  rack  tooth  corner  is  rounded  off  with  a radius  r , 
as  shown  in  Figure  B-3»  the  effective  addendum  line  of  the  cutter 
tooth  moves  up  the  distance  Tg(l  - elnj).  To  avoid  undercutting 
wj.th  this  type  of  cutter,  the  effective  addendum  line  must  not 
pass  the  base  circle  below  point  L ir  Figuro  B-2.  This  allows 
a reduction  of  the  minimum  allowable  root  radius  to 


B-3 


Addendum  Mne 


FIGURE  «-’<? 

MINIMUM  ROOT  RADIUS,  FOR  RACK  CUTTER  WITH  SHARP  CORNER 


B-5 


'".w 


FIGURE  B-3 

RACK  CUTTER  WITH  CORNER  RADIUS,  , (EFFECTIVE  ADDENDUM  OF  CUTTER  IS  DECREASED) 


B-6 


(B-3) 


= rcoB^e  - r„(l  - ainfl) 
rrnc  p c 

By  common  usage  the  corner  radius  may  either  be 


r 


c 


.1  t. 


.05  IT 


(B-4) 


or  it  is  chosen  such  that  the  second  term  in  Equation  (B-3}  becomes 


r^d  - Sind) 


(B-5) 


(This  makes  for  an  effective  cutter  addendum  of 

Hob  withdrawal  becomes  necessary  if  the  root  radius,  obtained 
by  setting  the  cutter  to  standard  depth,  is  smaller  than  the 
minimum  given  by  Equation  (B-3)«  Thus,  the  hob  withdrawal  C 
is  obtained  from  Equations  (B-1)  and  (B-3)»  i.e.^ 


C = 


rmc 


- r^ 


(B-6) 


With  the  cutter  addendum  A = 1.157/Pjj»  and  using  the  expression 
of  Equation  (B-4)  for  the  rack  corner  radius.  Equation  (B-6) 
becomes 


B-7 


c 


(1  + .157slru?) 


(B-7) 


rpSin^9 


If  Equation  (B-5)  is  used,  with  the  same  definition  of  the  cutter 
addendum,  one  obtains  for  C 

C a -J - r^sin^o  (B-7) 

Pd  ^ 


3.  OUTSIDE  RADII  OF  PINION  AND  GEAR  BLANKS 


The  outside  radius  of  the  pinion  blank  becomes 


^0  = 


+ C 


(B-8) 


The  outside  radius  of  the  gear  blank  becomes 


(B-9) 
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4.  TOOTH  THICKNESS  ,vr  PITCH  CIHCLES  OF  PINION  AND  QEAH 


Since  the  thickness  of  the  hobtooth  at  the  pinion  pitch 
circle  will  be  reduced  by  the  amount  2Ctan9,  due  to  the  withdrawal 
C)  the  circular  thickness  of  the  pinion  tooth  at  this  location 
will  bo  increased  by  this  amount,  i.e.> 

t^  s + 2Ctanfl  (B-10) 

c c s 

The  gear  tooth  thickness  will  be  decreased  to 

- 2Ctantf  (B-11) 

C Co 

at  Its  pitch  circle. 


B-9 


5.  TOOTH  THICKNESS  AT  OUTSIDE  AND  BASE  RADII  BY  INVOLUTOMETHY 


The  circular  tooth  thickness  at  an  arbitrary  radius  of  an 
involute  tooth  may  be  obtained  if  the  tooth  thickness,  radius, 
and  pressure  angle  of  any  other  location,  such  as  the  pitch  circle, 
are  known  together  with  the  pressure  angle  at  the  arbitrary 
radius.  j^See  Equation  (5’‘3)i  PS<  80,  E.  Buckingham:  Analytical 
Mechanics  of  Gears,  McGraw-Hill  Book  Co.,  Inc.  New  York,  1949.J 
Accordingly,  the  circular  tooth  thickness,  t^,  at  the 
outside  radius  of  the  pinion,  may  be  obtained  from 


t^  = t^  - 2r^(INV<>Qp  - INVfl)  (B-12) 

where 

INVtf  a tantf  - fi  , the  involute  function  corresponding  to 

the  pressure  angle  0 

0 B pressure  angle  of  mesh.  This  is  also  the 

pressure  angle  at  the  pitch  circle. 


■'OP 


a COS 


-1  ^b 


the  pressure  angle  associated  with  the 
outside  radiu.  of  the  pinion 


B-10 


rWA^. 


I 


Slmllarlyi  the  circular  tooth  thickness, , at  the  outside  radius 

from! 

Rq(INV(?oq  - INVfl)  (B-13) 


, the  pressure  angle  associated  with  the 
outside  radius  of  the  gear 

The  tooth  thickness  at  the  base  circle  radius  of  the  modified 
pinion  la  given  by 

t^  H t^jC0S6i  + 2r^INV0  (B-14) 

This  becomes  for  the  gear 

Tu  » T^cose  + 2Rv,INV«  <B-15) 

DC  0 

(The  above  is  only  of  theoretical  interest  in  case  the  inter- 
tooth  space  is  not  out  below  the  base  circle  radius*) 


of  the  gear  is  obtained 


T.  = T_ - ‘ 


where 


'OG  * 


-1  ^b 
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6.  EXPRESSIONS  FOR  CONTACT  RATIO  AND  PINION  0U3IDE  RADIUS  FOR 


UNITY  CONTACT  RATIO 


The  expression  for  contact  ratio  [Equation  4-19,  pg.  73, 
E.  Buckingham:  Analytical  Mechanics  cf  Gears]  is  given  by 


V 


”o  - "b  ♦ 


V 


2 2 
**0  - ^ 


(B-16) 


P^gCOStf 


If  the  contact  ratio  of  a certain  mesh  is  larger  than  unity, 
and  one  wishes  to  reduce  it  to  unity  by  reducing  the  outside 
radius  of  the  pinion,  one  may  find  this  new  pinion  outside  radius 
with  the  help  of 


r» 

0 


^ Pcs®®*  ^ ^ (Rb^  + r^)tan9  - ^ 


2 2 

Ro  - RbJ 


a 


(B-17) 


B-12 


7.  EXAMPLE 


Design  R pinion  and  a gear  with  the  following  specifications: 


P^a44,  n*42,  n«8j  20° 


This  siv«i 

! 


Rp  ■ .47727  In.  (1.212  cm)  Tp  * .0909)  In.  (.231  cm) 

■ ^p°°*  »*<4848  in.  (1.139  cm)  - .08542  in.  (.217  cm) 

Pgg  * —L.  * .07140  in.  (.181  cm)  Tgg  « « .03570  in.  (.091  cm) 

According  to  Equation  (B-7)i  the  hob  withdrawal,  C. Is  computed  as 

s 

C • J_  - .09091sln^20°  ■ .012093  In.  (.031  cm) 

44 

Then,  according  to  Equations  (B-8)  and  (B-9) 


fg  - .09091  + .022727  t-  .012093  ■ .12573  in.  (.S19  cm) 

« .47727  + .022727  - .012093  « .48790  in.  (1.239  cm) 


The  new  tooth  thickness  at  the  pitch  radii  is  found  with  the 
help  of  Equations  (B-10)  and  (B-11) 

= .03570  + 2(.012093)tan2o'^  = .04450  in.  (.113  cm) 

c 

» .05570  - 2(.012093)tan20®  • .02689  !"•  (.068  cm) 

For  the  purposes  of  the  present  analysis«the  pinion  outside 
radius  is  now  reduced  to  obtain  a contact  ratio  of  unity.  With 
Equation  (B-1?) 

r'  » .110  3I.V  ;.279  on)  This  It  estentislly  the  unmodified  pinion  radius  of 
0 

.113  in.  (.287  cm). 

Now  compute  the  circular  tooth  thioknosu  at  tho  outside 
radii  r*  and  using  the  following  data  in  Equations  (D-12) 
and  (B-13)J 


9 ■ 

20° 

INV 

20°  « 

.01490 

"op  “ 

cos"' 

.08542 

* 39.0509° 

INV 

39.0509°  - 

.12969 

.110 

"00  " 

oos“* 

. 44848 
.48790 

■ 23.1889° 

INV 

23.1889°  ■ 

.02365 

B-1 4 


tg  ^ .0/f450 


- 2(. 

09091  / 


110  )(  .12969-  .0149)=  = .02860  In.  (.073  cm) 


To  “ • 


02.689  - 2(.4879)(. 02  365  - .0149)*  .01896  In.  (.048  cm) 

\.  47727/ 


Thttam  are  auffioient  to  allow  for  rounding  off  the  teeth. 

Finally^  oheok  that  the  gear  la  not  undercut.  The  actual 
root  radius  of  the  gear  is 


hl2L  m .4879  - .04902  « .4389  i„.  (i.us  cm) 


The  mininum  poritdssible  root  radius  without  undercut ting» 
according  to  Equations  (B-3)  and  (B-4),  is  oomputod  from 


- -l25l(1  - Dins)  u .47727C.8B3)  •*  .0023 

rm  p ^ 


•419  in.  (1.064  cm) 


Thuo,  the  gear  ia  not  undercut.. 
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COMPUTER  MOnP.LS  FOR  STEP-UP  GBAH  TRAINS  WITH  INVOLUTE  TEETH  | | 

I 

The  pret^ont  appendix  contains  desCi^iptiona , liatings,  and  ! | 

aampla  outputs  oi'  the  following  involute  gear- train-related  | j 

n 

Denign  of  unequal  addendum  involute  | ; 

gear  and  pinion  ast  with  unity  oon-  i 

taot  ratio*  | i 

i 

Point  and  oyole  efficienoiee  for  I 

I .. 

single  pass  involute  step-up  gear  | ^ 

mesh  with  unity  oontaot  ratio.  I ; 

Point  and  oyole  affioienoiea  for 
three  pass  involute  step-up  gear 
train  in  spin  environment* (All 
meshee  have  unity  oontoot  ratio)*  | 

Point  and  oyole  effioienoies  for 
two  paaa  involute  step-up  gear 
train  in  apin  environment* (All 
mwBhffM  have  unity  oontaot  ratio)* 

The  relevant  background, the  input  parame tors , the  manner 
of  the  computations  and  the  form  of  the  output  of  each  program 
are  discuBsed  in  detail*  The  program  proper  forma  the  last 
part  of  each  section* 

I 


computer  profframsi 
1.  ttogram  IN VOL  1 t 


2*  Program  INVOL  2 t 


3.  Program  INVOL  3 t 


4*  Program  INVOL  4 \ 


1. Program  IN VOL  1;  Design  of  Unequal  Agdandma  Involute  Gear 

and  Pinion  Set  with  Unity  Contaot  Rat lo . 


The  program  INVCL  1 ia  based  on  Appendix  B which  shows 
the  deaign  equations  for  unequal  addendum  involute  gear  sots 
with  standard  center  diatances* 

The  nomenclature  of  the  program  is  chosen  to 
coincide  as  much  as  pcssible  with  thit  of  Appendix  B. 


I 

a.  Input  ParameterB  (See  alio  Program  INVOl  1,  below) 


The  following  parometere  represent  the  input  data  of 


the  program: 


H»UBD 

NQ 

NP 

THETAD 


IB  TOP 


P^  t the  diametral  pitch 

Nq  t the  number  of  teetn  of  the  (i;ear 

Np  I the  number  of  teeth  of  the  pinion 

® t the  pressure  angle  of  the  meeh  wa  well  e.a 
of  the  hob  (in  degrees) 

arbitrary  eingle-digit  integer  for  multiple  data 
sets*  Must  be  lero  for  last  aat  of  data. 


b.  Computations 


'I 


The  program  computoo  the  following  quantities  (where  not 
otherwiae  indioated, consult  tieotion  1 of  Appendix  B for  nomen- 
clsture) : 


OAPRP  - Rp 

RP  - rp 

CAPRB  - 

RB  . r^ 


P8UBC 


TBTAND 

C 

RO 

CAHiO 

TO 

oAprc 

TB 

OAPTB 

ROFIN 

THKTOQ 

THiiTOP 

CAPTO 

TO 

CRATIO 


OR  FIN 

ROOT 

CAPROOT 

CAPRMIN 


Pc 

^08 

hob  withdrawal  distance.  See  eq  (B-7) 


See  eq  (B-8)*  This  is  the  original  pinion 
blank  radius. 

see  eq  (B-9) 
see  eq  (B-10) 
see  eq  (B-11) 

see  eq  (B~ 14). Note  also  the  computation 
of  the  involute  function  at  the  end  of  the 
program. 


T^»  see  eq  (B-15) 

r^  , see  eq  (B-17).  This  is  the  pinion  out- 
side radius  for  unity  contact  ratio. 


^00*  according  to  expression  asaociated  with 
eq  (B-13) 

^opt  according  to  expression  associated  with 
eq  (B-12) 

Tq  » see  eq  (B-IJ) 

t^  I see  eq  (B-12).  Computed  with  ROFIN. 

mp  t see  eq  (B-16).  This  is  the  original 
contact  ratio  , which  uses  the  unmodi- 
fied pinion  blonk  radius  RO. 


represents  the  contact  ratio  when  computed 
with  the  final  pinion  blank  x'adius  ROFIN. 

actual  root  radius  of  pinion 

actual  root  radius  of  gear 

Ppm  * equation*  (B-3)  and  (B-4) 
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^1-.'.  f or.an  lAiUkj  nu  ■».  i.i.S..iViUi-...'i./;.u’A^.'i,  . 


o . Output  of  Program 

The  output  of  the  program  le  best  explained  by  means  of 
the  first  sample  oompu tat Ions  which  are  shown  at  the  end  of 
the  program.  This  example  Is  identical  with  that  given  In 
section  7 of  Appendix  B.  The  output  lists  the  following i 

I.  The  Input  parameters,  PSUBD,  NG,  NPj.and  pressure 
angle iTHETAD,  are  printed  out* 

II . The  above  is  followed  by  computational  results  for 


CAPRP 

HP 

CAPRB 

TSTAND 

C 

CAFRO 

RO,  this  Is  the  original  pinion  blank  radius  before  the 
unity  contact  ratio  modification. 

CRATIO,  note  that  for  the  given  case,  this  original  contact 
ratio  equals  1,3 

ROPIN,  the  pinion  outside  radius  which  corresponds  to  unity 
contact  ratio 

ORPIN,  this,  of  oourse,  has  to  bo  unity  because  of  the  use  of 
ROPIN.  This  computation  serves  as  a check. 

CAPTC,  this  tooth  thickness,  as  well  as  the  following  one, 
is  useful  for  strength  oomputatlons 
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I 

I 


TC 


THEOGD.  this  pressure  angle t as  well  as  the  following  one, 
corresponds  to  the  final  outside  radii  of  the  gear 
and  pinion,  respectively,  and  la  needed  for  the 
computations  of  the  tooth  thicknesses  at  the  outside 
radii 

THEOPD 

CAPTO,  this  tooth  thlokness  at  the  outside  radius  of  the  gear, 
as  well  as  the  following  one  for  the  pinion,  must  be 
sufficiently  large  to  allow  for  the  presence  of  a tip 
radius 
TO 

CAPTB 

TB 

CAPROOT 

ROOT 

CAPHMIN 

The  values  of  the  last  five  parameters  are  to  some  extent 
Interconnected,  First,  It  is  Important  to  see  whether  the  gear 
Is  undercut.  This  does  not  occur  as  long  as  CAPROOT  Is  larger 
than  CAPRMIN,  l,e,,the  actual  root  radius  Is  larger  than  the 
minimum  allowable  one.  The  gear  tooth  thlokness  at  the  base 
circle  is  of  interest  for  strength  purposes.  Since,  for  the 

given  case,  CAPRB  « .44849  in.  (1.139  cm)  and  CAPROOT  » .4388  in.  (I.IIS  cm) 
the  base  circle  lies  above  the  root  circle,  and  the  greatest  cross-section 
of  the  tooth  is  approximately  equal  to  CAPTB.  TB  is  called  the  theoretical 
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pinion  tooth  thickness  at  th®  base  circle  since  it  is  possible 
that  the  base  circle  lies  below  the  minimum  allowable  root  circle 
of  the  pinion.  In  such  a case,  the  actual  tooth  may  be  weaker 
than  indicated  by  this  dimension.  For  the  present  case,  RB  ■ 

.08543  in.  C.217  cm)  and  ROOT  ■ .07671  in,  C.19S  cm),  and  therefore, 
the  base  circle,  which  lies  above  the  root  circle,  gives  a good 
indication  of  the  actual  tooth  cross-section  at  the  root. 


Program  INVOL  1 

This  program  contains  five  different  sets  of  gears • This 
will  be  of  use  in  programs  INVOL  2,  INVOL  3 and  INVOL  4, 
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2.  Program  INVOL  2>  Point  »nd  Cyolo  Eff lolonoieg  for  Single 

Pass  Involute  St«p~Up  Gear  Mesh  With 
Unity  Contact  Ratio 

The  program  INVOL  2 Is  based  on  saotlon  3 of  Appendix  A, 
whloh  gives  the  moment  input-output  relationship  for  a single 
step-up  gear  mesh  with  involute  teeth.  The  mesh  has  unity  contact 
ratio.  Again,  the  nomenolature  of  the  program  la  ohosen  to 
ooinolde  as  muoh  as  possible  with  that  of  the  original  deriva- 
tion. The  contact  geometry  is  adapted  from  aeotlon  6o  of 
Appendix  A. 

a,  Input  Parameters  (See  also  program  In  section  d below) 

The  following  parameters  represent  the  input  data  of  the 
program.  Most  of  these  are  taken  from  the  results  of  INVOL  1 
since  the  moment  expressions  are  for  unity  contact  ratio  only. 

CAPHP  la  Rp,  the  pitch  radius  of  the  gear 
HP  m rp,  the  pitch  radius  of  the  pinion 
CAPRQ  a Rq,  the  outside  radius  of  the  gear 

ROPIN  « Rq,  see  eq.  (B-17).  This  Is  the  pinion  outside  radius 
for  unity  contact  ratio. 

RHOCAPN'  ■ Pjj,  the  pivot  radius  of  the  gear 
RHON  ■ Pjij,  the  pivot  radius  of  the  pinion 

MU  ■ u,  the  coefficient  of  friction  at  both  pivots  as  well  as 
at  the  gear  and  pinion  contact  point 
K,  range  divisor,  l.e.,lt  represents  the  number  of  times  the 
output  moment  and  the  efficiency  are  computed  between 
Initial  and  final  contact  of  the  gear  and  the  pinion 
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ISTOP,  arbitrary  single  digit  for  multiple  data  sets.  It  must 


be  zero  for  the  last  set  of  data. 


b.  Computations 

Both  point  and  cycle  effioienoies  are  based  on  eq.  (A~25)> 
With  the  help  of  eq,  (3)^  point 

effiolenoy  becomes 


p " 1 Rb  + - *»i1  J 


(C-1) 


Since  the  angular  velooity  is  constant  for  involute  gears, 
and  may  be  expressed  in  terms  of  the  base  circle  radii  and  r^, 


*^ratio 


(P  “ 'b 


(C-2) 


Therefore , 


fp  • Eg  (POINTEP)  (C-3) 

as  given  by  eq.  (K-‘Z6), 

The  cycle  efficiency  expression  is  based  on  eq,  (4).  If 
one  replaces  both  integrals  by  summations,  one  obtains 


2 Mo 


(C-4) 


where  Atp  and  Af  now  represent  incremental  changes  in  the  input 
and  output  angles,  respectively.  The  input  moment  is  constant 
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over  the  total  Interval.  Also 


Eaij)  b apjjj  “ aj[jj  (C»5) 

(floe  eqa.  (A205)  and  (A206),) 

The  Increment  Is  also  constant  and  may  therefore  be 
taken  outside  the  summation  sign.  It  is  expressed  vith  the 
help  of  Acp 


A(p  . Aa  . . DBLALFH  (C-6) 

K 

(Thia  is  an  adaptation  of  eq«  (A>207)  to  the  single  step-up 
mesh, ) 

With  the  above 

Af  " ''^ratio  (C»7) 

Substitution  into  eq,  (C-4)  gives 

I (c-8) 

Since 

'p  - KpEtlo  ^ (0-’> 

"in 

one  obtains  for  the  oyole  efflolenoy 

»0  - ; — 7 (CYCLEPP)  (C-10) 

'“PIN  ■ “IN' 
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To  arrive  at  expressions  for  both  P0INT3P  and  CYCLEPP  In 
the  program,  the  following  other  Important  computations  are 
necessary! 

ALPHIN  a<  ajjj,  see  eq.  (A-205) 

ALPHPIN  = ttpjjj,  see  eq.  (A-206) 

D s d,  see  eq.  (A-204) 

Asa,  see  eq.  (A-203) 

The  slgnum  value  s Is  obtained  according  to  eqs.  (A~215) 
and  (A-216),  which  are  alternate  ways  of  expressing  eqs.  (A-6) 
to  (A-8). 

0 , Output  of  Program  Program  INVOL  2,  belotp 

The  output  of  the  program  Is  best  explained  by  means  of 
the  single  sample  computation  which  Is  shown  at  tho  end  of 
the  program.  This  example  uses  the  data  of  the  first  sample 
output  of  INVOL  1.  The  output  lists  the  following! 

I . Input  Parameter:. 

The  Input  parameters  CAPRP,  HP,  CAPRO,  RO  and  THETAD  are 
reproduced.  In  addition,  the  following  dimensions,  which  were 
selected  from  a practical  viewpoint,  are  shown v 

RHOCAFN  m P ■ . 060  In . (^,1S2  cm) 

RHON  ■ Pfi  ■ .030  In.  (^,076  cm) 

MU  s>  u a . 2 

K a 25  (uo  substantial  changes  in  cycle  efficiency  were 
encountered  for  larger  values  of  K) 
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II.  Computed  Valttea 

The  point  efficiency  Is  listed  as  a function  of  the  angle  a, 
while  the  cycle  efficiency  1s  computed  for  the  Interval  from  Ojjj 
to  The  slgnum  parameter^  s^ls  listed  for  checking  purposes. 
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3*  Program  INVOL  3i  Point  and  Cvole  Effiolanoiea  for  Three 

Pass  Involute  Step-Up  Gear  Train  In 
Spin  Environment  (All  Me«hes  Have  Unity 
Contaot  Ratio) 

The  program  INVOL  3 is  based  on  section  4 of  Appendix  A, 
which  derives  the  moment  input-output  relationship  for  a three 
pass  step-up  gear  train  operating  in  a spin  environment.  Again » 
all  meshes  have  unity  contact  ratio.  As  previously,  the  nomen- 
olature  of  the  program  is  chosen  to  coincide  as  closely  as 
possible  with  that  of  the  original  derivations.  The  expressions 
for  the  contact  geometry  and  other  auxiliary  geometric  terns  nay 
be  found  in  section  6 of  Appendix  A. 

a.  Input  Parameters  fsee  Program  INVOL  3.  below) 

The  following  parameters  represent  the  input  data  for  the 
program.  Those  which  involve  gear  dimensions  only  must  be 
obtained  from  the  results  of  INVOL  1 since  the  moment  expressions 
are  derived  for  unity  contact  ratio  only. 

MU  • U,  the  coefficient  of  friction  at  all  pivots  and  at 
all  tooth  contact  points 
RPM,  revolutions  per  minute  of  the  fuse  body 


CAPRPl 

"•  ^pl 

CAPRP2 

■ ^2 

CAPRP3 

■ ”p3 

RP2  « 

*‘P2 

RP3  - 

^P3 

RP4  .. 

*"p4 
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THET/ll  « 

THSTA2  « 9 2 

TRBTA3  « 

ISTOP,  arbitrary  single  digit  integer  for  multiple  data  set. 
It  must  be  sero  for  last  set  of  data. 

R1  « Ih 

R2  . 

R3  - ^ 

R4  ■ 

RROl  • 

RH02  ■ ^2 

RH03  « Pj 
RR04  . P^, 

CAPRBl  • R^]^ 

CAPRB2  » R^2 
CAPKB3  « R^3 
RB2  ■ ^b2 
RB3  - r^3 
RB4  m r^^ 

CAPROi  « Rq^ 

CAPR02  « R^2 

CAPR03  » Rq3 


R02 

" **02 

R03 

" **o3 

R04 

” **o4 

Hi 

• ®i* 

mass  of 

input  gear  1 

M2 

■ ®2  • 

mass  of 

gear  and  pinion  2 

025 


M3  ■ mass  of  gear  and  pinion  3 

m4  m tn/|,  mass  of  pinion  4 

MD  ■ md^,  the  "mass-distance'*  product  contained  In  the  expression 
for  the  Input  moment  Mj^^ 

K m K^t  the  range  divisor  which  Is  assoolatad  with  gear  3, 
the  driving  gear  of  the  last  aesh  (see  eq.  (il-£il)) 

b.  Computatlone  (see  OOWMBNT  oarda  In  oroaraa) 

I.  CQflputatlorv.  of  HIM.  0AMWA8  and  BBTA8 

To  start  with,  the  program  computes  the  Input  moment 

MIN  » M^^  « md^«2  (C-ll) 

Subsequently,  the  angles  Y31  Y4  *nd  ere  established 

according  to  the  expressions  given  In  section  6b  of  Appendix  A, 

II.  Petermination  of  Otar  Train  Constants 

The  determination  of  the  gear  train  constants  consists  of 
the  followlngi 

RATIO  ■ (see  eq.  (?)).  Slnoe  the  angular  velocity 

Is  constant,  this  parameter  may  be  expressed 
In  terms  of  the  applloable  base  radii,  l.e.y 

Rbl  » Rb2  « Rb3 
*’b2  » **b3  * *‘b4 

TBSTl,  TBST2  and  TBST3  represent  the  tangent  functions  nf 
the  mesh  pressure  angles,  which  are  used  In  conjunction  with  the 
values  of  the  slgnum  functions,  s. 
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on,  D2  and  03  are  given  by  eqe.  (A-204),  (A-217)  and  (A-223), 
reepeotively,  and  reprevent  the  diitanoee  between  the  points  of 
tangenoy  to  the  base  oirolea  along  the  line s-of- action  of  the 
three  meshes, 

MTOT  a 0 represents  the  initialization  of  the  sum  of  the 
output  moments.  Ihis  is  used  for  the  determination  of  the  oyole 
eff ioienoy. 

ZIZ.  Determination  of  Initial  and  Final  Valuea  of  ALPHAS. 

gf  AVmg  m gfntglfMiftl  ggi9tf 

The  determination  of  the  initial  and  final  angles  of 
rotation  is  aooomplished  with  the  help  of  subroutine  ALPHA, 
at  the  end  of  the  program,  which  makes  use  of  eqs,  (A-205), 
(A-206),  (A-2ia),  (A-219).  (A-224)  and  (A-225).  Thus,  the 
initial  values  of  the  individual  angles  of  rotation,  ALPHAl, 

ALPRA2  and  ALPHA3  are  represented  by  AUZN,  AL2ZN  and  AL3ZN, 
while  the  final  angles  are  given  by  ALIPZN,  AL2FZN  and  AL3PZN. 

The  angular  inorements  of  gears  3«  2 and  1,  i.e,>DBlAL3, 
DBLAL2  and  DBLALl,  are  determined  with  the  help  of  eqs.  (A-211)  - 
(A-2X3),  respectively. 

The  centrifugal  forces,  which  act  on  the  pivots  of  the 
various  gear  and/or  pinion  assemblies,  are  obtained  by  way  of 
eqs.  (A-33),  (A-57),  (A-84)  and  (A-107). 

IV.  Point  and  Crgle  BffioienQiej  (See  "output  moment * 

Both  point  and  cycle  efficiencies  are  based  on  eq.  (A-125) 
for  the  output  moment  M04  ■ Nq4. 
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The  point  efficiency  le  computed  directly  In  the  manner 
of  eq.  O),  1.0. , 

'p  - *^ratlo  - POINTKP  (C-12) 

"In 

The  cycle  efficiency  le  treated  In  the  manner  of  eq.  (C-8), 

l.e.  , 

. ‘‘r.tlo  .«!  i:»lo4 . CYOLEFF  (0-13) 

***ln  <*1PIN  “ ®1IN^ 

The  program  glvee  the  eummatlon  ae 

MTOT  « £Mq4  (C-l4) 

V,  Pear  Train  Motion  Model 

The  simulation  of  the  gear  train  motion,  which  is  neoeeeary 
for  the  computation  of  both  POINTBP  and  CYCLBPP,  is  found  In  a 
loop  which  etarte  with  statement  label  no*  14  (card  no.  Il6) 
and  ends  with  card  no.  1^9,  Ae  dleoueeed  earlier,  the  motlone 
of  the  Individual  driving  geare  are  Initialized  at  their  reepeo- 
tive  angles  ,ALi IN,  AL2IN  and  AL3IN.  CThit 

starting  of  the  total  train  Is  arbitrary  and  Is  done  only  for 
convenience.  There  Is  an  Infinite  number  of  other  starting 
combinations  each  of  which  produces  a different  starting  point 
efficiency.)  The  position  of  each  mesh  is  subsequently  incremen- 
ted by  the  appropriate  DELALl,  DELAL2  or  DBLAL3.  When  the  angle 
ALPHA!  reaches  the  magnitude  ALiPIN,  CYCIiBPP  is  determined,  and 
the  computation  Is  ended.  Since  meshes  2 and  3 go  through 
numerous  cycles  while  mesh  i goes  through  one  cycle,  they  have 


to  be  reset  to  their  Initial  angles  of  rotation  onoe  their 
respective  final  angles  have  been  reached.  This  is  acoonplished 
by  the  conditional  statements  on  cards  ll6  and  11?. 

The  values  of  the  slgnum  functions  s^ « S2  and  s^  are 
determined  continuously  according  to  eqs.  (A-216),  (A-222) 
and  (A-227). 

The  instantaneous  positions  of  the  contact  A1  « 

A2  m a2  .end  A3  ■ a^  are  determined  for  each  of  the  meshes  by 
an  appropriate  adaptation  of  eq.  (A*203).  (Sea  also  eqs.  (A-214), 
(A-220)  and  (A-226).) 

The  determination  of  the  Instantaneous  output  moment. 

N04  ■ Nq4. requires  the  continuous  computation  of  the  variable 
quantities  A|^  to  A20.  to  and  to  D^.  which  are  given 
originally  In  conjunction  with  the  various  equilibrium  conditions 
In  section  4 of  Appendix  A.  The  program  uses  the  following 
nomenclature  for  these  variables) 

AAl  to  AA20 
CCl  to  QC6 
DDt  to  DD4 

0 . Output  Cnee  Program  INVOL  3.  below] 

Again*  the  output  of  the  program  Is  best  explained  by  means 
of  the  sample  computation  which  Is  shown  at  tt>e  end  of  the 
program.  This  example  uses  the  gear  data  of  the  first  three 
sample  computations  of  program  INVOL  1.  The  output  lists  the 
following) 
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I. 

Input 

Parameters 

Nesh  No. 

Jl 

CAPRPl 

=•  ’^pl 

. .47727  In. 

(1.212  cm) 

CAPRBl 

ai  R^j^ 

„ ,44849  In. 

(1.139  cm) 

CAPROl 

“ ^ol 

. .48791  In. 

(1.239  cm) 

RP2  • 

fp2  " 

.09091  In.  (.231  cm) 

RB2  • 

**b2  " 

.08543  in.  (.217  cm) 

R02  « 

**o2  " 

.11000  In.  (‘279  cm)  (TTi 

Also. 

THBTAl 

- «1 

. 20® 

Heah  No. 

CAPRP2 

■ *^p2 

n>  .20769  In. 

(.527  cm) 

CAPRB2 

“ ^b2 

• .19517  In. 

(.496  cm) 

CAPH02 

- Rfl2 

« .21579  In. 

(.548  cm) 

RP3  - 

rp3  - 

.06923  In.  (.176  cm) 

RB3  - 

Pb3  ■ 

.06506  In.  (.165  cm) 

R03  • 

**03  " 

.08089  in.  (.205  cm) 

Also, 

THETA2 

“ ®2 

. 20® 

Mosh  No.  3 

CAPRP3 

m Rp3 

. .17532  in. 

(.445  cm) 

CAPRB3 

■ **b3 

• .16475  In. 

(.418  cm) 

CAFR03 

" **o3 

■ .18216  In. 

(.463  cm) 

- 

*'p4  ■ 

.05844  In. 

(.148  cm) 

RB4  • 

rp4  •■ 

.05492  in. 

(.139  cm) 

ro4  . 

- 

.06828  In. 

(.173  cm) 

L 


C-30 


Also, 

THETA3  X 63  . 20° 

In  addition. 


NU  . 

U u 

,2 

npM  t 

• lOOG 

Ml  . 

m^  m 

,51079  X 10“^  Ib-seoVin. 

(8.943  8) 

M2  . 

“2  - 

,17^13  X 10“^  Ib-seo^/in. 

(3.049  ?) 

M3  - 

m3  ■ 

,69788  X 10“^  Ib-seoVin, 

(1.222  g) 

M4  « 

mj^  ■ 

,77^5  X 10“^  lb«ieoVln. 

(0.136  g) 

R1  M 

'^1  ■ 

.75  in.  (1.905  cm) 

R2  « 

^2  " 

.75  in.  (1.90S  era' 

R3  - 

51^3  » 

.75  In.  (1.905  cm) 

R4  • 

'^4 

.75  in.  (1.905  cm) 

RHOl 

- '’I 

• ,060  in.  (,iS2  cm) 

RH02 

- '’2 

M ,030  in,  (,0V6  cm) 

RH03 

- "3 

■ ,025  In,  (,064  cr' 

RH04 

» ^'4 

• ,020  in.  (.051  CK) 

ND  - 

md^  ■ 

,15  X 10"*^  Ib-seo^  in.  (16.944  g-:ra^) 

K » 

25 

I I . Computed  Values 

The  point  effiolenoy  is  given  as  a function  of  the  angle 
together  with  the  signum  parameters  b^,  *2,  ‘'3  (given  for 

oheoking  purposes).  The  cycle  efficiency  is  shown  atvtho  end 
of  the  output.  In  addition,  the  input  moment , MIN , is  printed  out 
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4,  Program  INVOL  4i  Pol,nt  and  Cyole  Efflclenolde  for  Two 

PfcBB  Involuta  Step-Up  Qear  Train  in 

Sp^q  f’nyir9DiB9jQilA.U. 

I’^lty  Contact  Ratio) 

The  progrmr  INVOL  4 la  based  on  section  5 of  Appendix  A, 
which  derives  the  moment  input-output  relationship  for  a two 
pass  atep-up  gear  train,  rperating  in  a spin  environment. 

Here  again,  all  mashes  have  unity  contact  ratio.  INVOL  4 is 
vary  sitiilar  to  INVOL  3 in  its  construction.  Again,  the 
expressions  for  the  contact  geometry  and  other  auxiliary 
geometric  terms  may  be  found  in  section  6 of  Appendix  A. 

a.  Itiput  Parameters  (»«•  Program  iNVOL  4,  Ulow)  

The  following  parameters  represent  the  input  data  for  the 
program.  Those  which  involve  gear  dimeniionu  only  must  be 
obtained  from  the  reeulta  of  INVOL  1 alnoe  the  moment  expressions 
are  again  derived  for  unity  c.ontant  ratio  only, 

NU  • u,  coefficient  of  friction  at  a!ll  pivots  and  at  all 
tooth  oontact  pointe 

RPM,  revolutions  per  minute  of  the  fuxe  body 

CAPRPl  . Rpi 

CAPRP2  » Rp2 

RP2  - rp2 

RP3  - Tp3 

THKTAl  « 0 


THETA2 


2 


ISTOP,  arbitrary  single' a Igit  integer  for  multiple  data  sets. 


It  must  be  sero  for  last  set  of  data. 


R1  M 

^1 

H2  ■ 

^2 

R3  • 

RHOl 

- "l 

RH02 

- ''2 

HH03 

« P>i 

a' 

CAPRBl 

- «bl 

CAFRB2 

• Rb2 

RB2  n 

**b2 

RB3  » 

'b3 

CAPROl 

- »ol 

CAPR02 

- Ro2 

R02  • 

>^o2 

R03  - 

^0') 

Ml  m mass  of  Input  gear  1 

M2  ■ ^2*  pinion  2 

M3  « maea  of  pinion  3 

MD  ■ md*^«  *mao8-d)ftanoe"  product  contained  in  the  following 
expreselon  for  the  Input  moment  M^f^ 

K m K2»  the  range  dlvioor  whloh  le  associated  with  gear  2, 
the  driving  gear  of  the  last  mesh  for  this  or  so 
(see  eq.  (A-20?)) 


C-44 


b.  Com 


4Sii33aa*EniiMixi» 


I.  Coaputmtlon  of  MIN,  Gajunms  and  Betas 

To  start  withi  the  program  oomputes  the  Input  moment 


M IN  a M ■ tid 


(c-15) 


The  program  oomputos  the  angles  And  *ooordlng 

to  the  expressions  given  in  section  6b  of  Appendix  A. 


Tbe  determination  of  the  gear  train  oonotants  oonsists 


of  the  following! 


RATIO  ••  Kj,|^tio'  (***  (2))>  Sinoe  che  angular  velooity 

is  constant,  this  parameter  may  be  expressed 
in  terms  of  the  applicable  base  radii,  i.e,  , 

Rbl  ^ %2 


TESTl  and  TBST{*  repre&ent  the  tangent  functions  of  the 
mesh  pressure  angles,  which  are  used  in  conjunction  with  the 
values  of  thi  slgnum  functions  s, 

Dl.and  D2  are  given  by  eqs.  (A-204)  and  (A-21?),  respectively, 
and  represent  the  distances  between  the  points  of  tangenoy  to  the 
base  oirolee  along  the  linee-of> action  of  the  two  meshes, 

RTOT  ■ 0 rapressnts  the  initialization  of  tha  sum  of  the 

output  moments,  This  is  used  for  the  determination  of  the  uyole 
eff ioianoy. 


0-4,5 


it, 


Ill*  Dotarmlnatlon  of  Initial  and  Final  Value a of  ALPHAS. 

Initialization  of  ALPHAS  amd  Oentrlfugel  Poroea 

The  determination  of  the  Initial  and  final  angles  of 
rotation  is  aoootnpllehed  with  the  help  of  subroutine  ALPHA, 
at  the  end  of  the  program,  which  makes  use  of  eqs.  (A-205). 
(A-206)  as  well  as  (A-218)  and  (A-2i9).  Thus,  the  Initial 
values  of  the  Individual  angles  of  rotation.  ALFHAl  and  ALFHA2, 
are  represented  by  ALL  IN  and  AL2IN,  respeotlvsly,  while  the 
final  ones  are  given  by  ALIFIN  and  AL2FXK. 

The  angular  Increments  of  gears  2 and  1,  l.e.,DSLAL2  and 
DELALl,  are  det  'mined  with  the  help  of  eqs.  (A-20?)  and  (A-208), 
respectively. 

The  centrifugal  foroes«  which  act  on  the  pivots  of  the 
various  gear  and/or  pinion  assemblies,  are  obtained  by  way  of 
eqs.  (A-I3I).  (A-15**)  and  (A-I78). 

IV.  Point  and  Cycle  Bffloletioles  laee.  "output  moment" 
ln.JX9g£^ 

Both  point  and  oyole  efflolenoles  are  based  on  eq,  (A-193) 
for  th(3  output  moment  M03  ti  Mq3. 

The  point  efficiency  Is  computed  directly  In  the  manner 
of  eq.  (3)i  l«et  , 

'n  • Kvatlo  ■ POINTEF  (C-I6) 

”ln 

TLie  cycle  offlolenoy  Is  treated  In  the  manner  of  eq.  (C-13), 

i.e. , 


! 


C-46 




.1 


,Q  , — . CYCLEPP  (C-17) 

^in  <®1PIN  ' '^IIN^ 

The  pr  ,^ram  gives  the  summation  es 

WTOT  » (S-18) 

V\  Gear  Train  Motion  Model 

The  simulation  of  the  gear  train  motion,  which  Is  necessary 
for  the  computation  of  both  POINTEF  and  CYCLBPP,  la  found  In  a 
loop  which  begins  with  statement  label  no.  14  (card  no.  98) 
and  ends  with  card  no.  161. 

As  discussed  earlier,  the  motions  of  the  Individual  driving 
gears  are  initialized  at  their  respective  angles, ALl IN  and 
AL2IN.  (This  starting  of  the  total 

train  Is  arbitrary  and  Is  done  only  for  convenience.  There 
Is  an  Infinite  number  of  other  starting  combinations,  eaoh  of 
which  produces  a different  starting  point  efficiency.)  The 
position  of  oftoh  mean  Is  subsequently  Incremented  by  the  appro- 
priate DELALl  or  DELAL2.  When  the  angle  ALPHAl  roaches  the 
magnitude  ALIPIN,  CYCLEPP  Is  determined,  and  the  computation 
Is  ended.  Since  mes’n  2 goes  through  a number  of  cycles  while 
mesh  1 goes  through  one  cycle,  mesh  2 has  to  be  reset  to  its 
starting  position,. AL2 IN,  once  the  angle  AL2PIN  has  been  reached. 
This  Is  aooompllshcd  by  the  oondltlonal  statement  on  card  no.  9S. 

The  values  of  the  slgnum  functions  Sj^  and  s^  are  determined 
continuously  according  tc  eqs.  (A-216)  and  (A-222), 

Hie  Instantaneous  positions  of  the  oontadt,  A1  m a^ 
and  A2  » a2kare  determined  for  eaoh  of  the  meshes  by  appropriate 

C-^i-7 


TT".T 


adaptations  of  «q.  (A><l03)<  (Sae  also  eq^.  (A-2l4^  imd  (A-220).) 

The  determination  of  the  instantaneous  output  moment , 

M03  * requires  the  continuous  computation  of  the  variable 
quantities  Aj^  to  Aj4,  to  C4  and  to  which  are  given 
originally  in  conjunction  with  the  various  equlllbrliun  conditions 
in  section  5 of  Appendix  A.  The  program  uses  the  following 
nomenclature  for  these  variables  1 

AAl  to  AA14 
CCl  to  CC4 
DDl  to  DD3 

0 . Output  Program  INVOL  4,  below) 

The  output  of  the  program  Is  again  oest  explained  with  the 
help  of  the  sample  computation  shown  at  the  end  of  the  program. 
This  example  uses  the  gear  data  of  the  fourt)i  and  fifth  sample 
computations  of  program  INVOL  1,  Hie  output  lists  the  followlngi 


I.  Input  l^arameters 
Mesh  No.  1 


CAPRPl 

■ ^pl 

m ,6363^  in. 

(1.616 

CI(i) 

CAPRBl 

" ”bl 

- .59799  In. 

(1.519 

cm) 

CAPHOl 

- «ol 

« .64700  in. 

(1.643 

cm) 

RP2  » 

*-p2  - 

.09091  In. 

(0.231 

cm) 

RB?  » 

o' 

■ 

.08543  in. 

(0.217 

cm) 

R02  » 

^o2  " 

.1097  in,  (0.279  cm) 

(This 

Also 

THETAl  ^ 0 . 


20" 


0-48 


Meeh  Wo.  2 


CAPRP2 

" Rp2 

a .43077 

in.  (1.094  cm) 

CAPRB2 

a Rpg 

a .40479 

In.  (1.028  cm) 

CAPR02 

" ®o2 

« .43977 

in.  (I.il7  cm) 

RP3  ^ 

3-'p3  » 

.06154  in. 

(0.156  cm) 

RB3  « 

**bD  - 

.057B3  In. 

(0,147  cm) 

o 

XjJ 

a 

*■03  " 

.07426  in. 

(0.189  cm) 

Also 

THSTA2 

- ®2 

a 20® 

Xn  addition! 


MU 

m 

4 

m 

.2 

RPM 

a 

1000 

Ml 

■ 

“1 

m 

.51079  X 10“^  Ib-seo^/ln. 

(8.94!  g) 

M2 

m 

«2 

- 

.17413  X 10"*^  Ib-seoVln. 

(3.049  g) 

M3 

m 

ni|^ 

m 

.69788  X 10*"^  lb-890 Vln. 

(1.222  g) 

R1 

m 

IS 

.75  in.  Cl. 90S  cm) 

R2 

m 

^2 

3B 

.75  in.  (1.905  cm) 

R3 

m 

m 

.75  in.  (1.90S  cm) 

RHOl  «i  « .060  In.  CO.  152  cm) 

RH02  » P2  - .030  in.  (0.076  cm) 

RH03  « Pj  - .025  In.  CO. 064  cm) 

MD  « md^  ■ .15  X 10"^  Ib-aeo^  in.  (16.944  g-cm^) 

K - 25 
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II.  Computb'I  Voilqes 

The  point  efflcienoy  is  given  ee  a function  of  the  angle 
together  vith  the  eignum  parameters  s^  and  s^  (given  for  checking 
purposes ).  ihe  cyoie  effioienoy  is  shown  at  the  end  of  the 
output.  In  addition,  the  input  moment , MIN  ,1a  printed  out. 
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APPENDIX  D 


GEOMETRY  OF  GENERAL  CLOCK  GEAR  TOOTH 

The  general  ogival  tooth  of  thickness  t and  outside  radius 
consists  of  a circular  arc  of  radius  p which  blends  tangentially 
into  a radial  tooth  flank,  as  shown  in  Figure  D-1  (only  one 
center  of  curvature  is  indicated).  The  center  of  curvature, C,  la 
located  at  a distance  a from  the  center  of  the  gear  or  pinion. 
Frequently  this  distance  a equals  the  pitch  radius  r . The 
tooth  geometry  may  either  be  described  with  the  help  of  the 
parameters  t,  f>  and  a,  or  with  the  combination  t,  p and  r^^. 

Both  approaches  are  shown  below. 


1.  TOOTH  GEOMETRY  WITH  HELP  OF  PARAMETERS  t,  P AND  a 


Cjj  and  Cy  represent  the  coordinates  of  the  center  of  curvature 
C.  defined  by 


The  angle  s is  given  by 


The  distance, f,  from  the  canter  of  rotation^ 0,  to  the  blend 
point ,F, of  the  flank  oi  the  tooth,  is  given  by 


f » a cos  y 


(D-7) 


The  angle  v defines  the  tooth  contact  point  S on  the  ogival, 
i.e,,  circular,  portion  of  the  tooth  with  the  lines  OC  and  CS. 


The  minimum  and  maximum  angles  and  are, respectively, 


**min  * 2 " ^ 


’’max  * 


Pq  sin  6 


(D-8) 


(This  angle  extends  ^ 

Into  the  second  quadrant) 


(D-9) 


2.  TOOTH  GEOMETRY  FROM  PARAMETERS  p.  t AND 

If  the  outside  r£vdiua,rQ.la  given,  distance  a must  be 
computed*  The  length^Cj^, Is  still  given  by  Equation  (D-1),  while 


as  -h)^  + 


(D-10) 


where,  according  to  Figure  D-1 * 


V 


h a i/ 


(D-11) 


All  other  quantities  of  interest  remain  as  before,  i.e., 


'min 


sin"' 

a 

See 

Equation  (D-2) 

sin"' 

p 

a 

See 

Equation  (D-5) 

y - 

S 

See 

Equation  (D-6) 

a coa  y 

See 

Equation  (D-?) 

Tf 

1^*  «« 

V 

See 

Equation  (D-8) 

s sin 


D-5 


max 


p 


See  Equation  (D-9) 
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KINEMATICS  AND  MOMENT  INPUT-OUTPUT  RELATIONSHIP  FOR  SINGLE 
STEP-UP  GEAR  MESH  WITH  CLOCK  TEETH 

Thla  appendix  shows  the  klnenatlcs  of  a single  step-up  gear 
nesh  with  ogival  teeth  and  derives  the  moment  input-output  relation- 
ship, Both  contact  and  pivot  friction  are  included, 

1.  KINEMATICS  OP  AN  OGIVE  MESH 

Figure  E-1  indicates  the  condition  of  initial  contact  in  ogival 
meshes  when  the  circular  arc  portion  of  the  gear  tooth  drives  the 
circular  arc  portion  of  the  pinion  tooth, ^ This  typo  of  direct 
contact  will  be  called  "round  on  round".  As  the  motion  progresses, 
the  circular  arc  of  the  gear  tooth  moves  into  contact  with  the 
straight  flank  of  the  pinion  tooth  (Figure  E-2),  During  this 
"round  on  flat"  phase,  distance  g at  first  decreases  and  then  in- 
creases again.  Before  round  on  round  contact  can  again  occur  for  a 
given  mesh,  i.e,,  g has  become  equal  to  fp  again,  the  subsequent 
mesh  comes  into  engagement  with  round  on  round  contact.  (See  below.) 


^See  section  b-VII  of  this  appendix  for  a check  that  indicates 
whether  the  initial  contact  is  round  on  round  or  whether  possibly 
the  round  portion  of  the  pinion  touches  the  flat  portion  of  the  gear. 


E-1 


The  klnemutlos  of  both  round  on  round  and  round  on  flat  pbaeea 


will  be  Given  first.  Further  it  will  be  shown  how  to  determine 
those  goar  angles  at  which  the  regime  changes  from  round  on 
round  to  round  on  flat,  and  at  which  contact  is  taken  over  by 
the  subsequent  set  of  teeth.  Since  the  ratio  of  angular  velocities 
between  gear  and  pinion  varies  with  contact  point,  and  the  pinion 
moves  faster  for  a given  gear  speed  for  round  on  round  than  for 
round  on  flat,  the  original  set  of  teeth  disengages  as  soon  as 
the  subsequent  one  makes  contact.  Thus,  the  contact  ratio  is 
unity  for  this  typo  of  gearing. 

The  gear  tooth  nomenclature  given  in  Appendix  D is  used 
throughout.  The  additional  subscripts  G and  P refer  to  gear  and 
pinion  ,respeotlvely. 

a.  ROUND  ON  ROUND  PHASE  OF  MOTION 

Figure  £-1  shows  the  input  angle  4>  as  the  angle  between  the 
x-axis  and  the  center  llnefO^W^iOf  the  gear  tooth.  The  output 
angle, tt',  is  the  angle  between  the  r-nxis  and  the  centerline  OpWp. 
During  this  phase  of  motion,  the  line  connecting  the  oentei's  of 
curvature  and  Cp  is  of  oonatant  length  i.  « fp  and  passes 


through  th«  Instantantoua  oontaot  point*  S on  the  gear  and  T on 
the  pinion.  Beoause  of  this  constant  length  one  may  obtain  both 
the  output  angle  f and  the  '’coupler"  angle  A from  the  equivalent 


four- bar  linkage  O^-C^j-Cp-Op,  with  ground  pivot  distance  b. 
I.  UNIT  VECTORS  AND  ANQLEfl  AND 


The  unit  vectors  associated  with  round  on  round  phase  art 
given  now* 

In  direction  Oq-Cq 

Hg  ■ coa(*-  «g)r  + sin<^  - 8g)J  (E-1) 

In  direction  Cg-Cp' 

n^  ■ cosaI  + sinAj  (E-2) 

The  unit  vector  normal  to  (in  the  right  hand  sense)  becomes 

Hjja  ■ " sinAl  + 00* a3  (E-3) 


E-4 


In  direction  Op-Cp , 


np  a cos(f-8p)l  + aln(^-8p)J  (E-i») 

Since  A ^ « j^)  a X » Iq 

’'q  «Q  (E-5) 

The  angle  *?p  la  obtained  from 


* - ip)  - A 

for  * - 

ip  > 90® 

(S-«a) 

and 

■ 2n  + ( f - 8p)  - A 

for  ^ - 

Bp  < 90® 

(£-6b) 

'The  above 

values  for  and 

are  only  good  for  the  round 

on  round  phase  oi'  the  motion.  For  the  round  on  flat  phase  the 
angle  »?^p,  of  the  gear,  may  be  of  interest  .(See  Figure  £-3). 
This  angle  Is  given  by: 


»1qp  • ( ^ ap  ) + 

for  ^ 4-  ttp  > 90® 

(£-6o) 

[Pinion  flank  in 

and 

4th  quadrant] 

iIqP  • (^-  6q)  - ( + ttp  ) - 

f 

for  ^ + «p  < 90® 

(E«6d) 

[Pinion  flank  In 
first  quadrant] 

II.  DETERMINATION  OF  OUTPUT  ANGLE  ^ AND  "COUPLER"  ANGLE  X 


The  loop  equation  of  the  equivalent  four-bar  linkage  ie 
given  by 

*G®G  ^'‘g  * '*P^“x  ■ *P®P  ♦ bi  ■ 0 (E-7) 

With  appropriate  aubatitutiona  for  the  unit  veotora,  aooordlng 
« 

to  Equatlona  (E-1)i  (E-2),  and  (E-4)»  <^na  obtaina  the  following 
component  equation 

agOoa(^-  «g)  + Looax  + b - apCoa(^  “ ® (E-8) 

aQain(^  - 3q)  Lainx  - apain((^'  - «p)  *0  (E-9) 

whore 

D ■ Pg  + Pp  (E-10) 

To  eliminate  x,  let 

aln^x  + coa^x  « 1 (E-11) 

E-6 


Substitution  of  expraaalona  for  sinx  and  coax  from  Equatlona  (E>9) 
and  (E-8).  reapeetlvely,  loads  to 


k^ain<//  * Bocos^l'  s C 


W 


(E-12) 


where 


Ajj  ■ aln(^  - «jj)  + ooa(*  - «g)tan8p  ♦ -L- tsnsp 


Bq  ■ eoa(e  - 8«)  ♦ 


- ain(^  - 8g)tan8p 


_2  . . . 2 *2 
a^  4 Sq  4 b - L ^ 


SSpa^coiap 


b coaiit  - 8^) 
«peos8p 


Equatlon(E-12)  la  solved  for  ^ by  a method  similar  to  the  one 
given  on  pg.  296  of  R.  S*  Hartenberg  and  J.  Denavlt{  Kinematic 
Syntheaia  of  Linlcages,  MoQraw-Hlll  Book  Co.,  New  York,  1964,  Thus, 


2tan 


-1  - 


V 


a2  . 

'^R  ®R  “ °R 


(E-13) 


Br  ^ °R 


r 


The  correct  sign  In  Equation  (E-13)  must  be  found  from  the  geometrio 
conditions  of  the  equivalent  four-bar  linkage. 


B-7 


The  ‘'coupler"  eaigle  K may  now  be  determined  either  from  Equation  (E-8) 


or  from  Equation  (E-9),  l.e.  , 


A « ooe 


■'[ 


apCos(i/'  - jp)  - aQCoa(^  - «o)  - b 


(E-14) 


A ■ eln 


r apOinCV'  - Sp)  - aQein(+  - 8q> 


(E-15) 


III,  DETERMINATION  OF  OUTPUT  PINION  ANGULAR  VELOCITY  * 


Differentiation  of  Equation  (S-12)with  reapeot  to  time  leads 


• . * B|,pOO»»  - C',1, 


ApOOB^  - 


m 

l]D^ 


(E-1b) 


where  A^  and  Bp  are  f^lvon  with  Equation  (E-12)i  tind  where 


App  ■ tan8pOln(^  - 8^)  - ooa(^ 


Bpp  ■ eln(^  - 8g)  t tan<ipOos(i^  - 
Cpp  « ^ ^ ain(;^  • Kq) 

E-8 


Approprl«t«  aubatitutlon  of  unit  vootort  and  aimpllfioatlon 


b,  ROUND  ON  FLAT  PHASE  OF  MOTION 


Figure  E-2  gives  the  details  of  the  round  on  flat  contact 
between  the  driving  gear  and  the  driven  pinion.  The  input 
angle  >t>  and  the  output  angle  ^ are  again  defined  counter- 
clockwise between  the  x-axis  and  the  respective  tooth  center 
lines  OqWq  and  OpWp.  Since  contact  is  always  made  on  the  straight 
radial  flank  of  the  pinion,  the  line  SCq  of  the  geaur  is  always 
normal  to  the  flank  of  the  pinion.  The  contact  point  is  at  a 
distance  g from  the  pinion  center, Op,  and  thie  distance  is  always 
smaller  than,  or  equal  to  the  distance  fp  (which  is  defined  by 
Equation  (D-7)  in  Appendix  D) . Again,  the  subscripts  Q and  P 
are  used  for  gear  and  pinion  tooth  parameters,  respectively, 

I . UNIT  VECTORS 

As  before,  the  unit  vector  in  direction  O^Cg  is  given  by 

Hg  = coa(^  - 8g)I  + sin(^  - 8g)j  (E-21) 

The  unit  vector  in  direction  OpT,  along  the  flank  of  the  pinion 
is  given  by 

'’’.-'vU.. 


E-IO 


The  unit  vector  in  direction  SCg  is  normal  to  Hp,  in  the  right 
hand  sense 

njjp  = - ain(f  + «p)l  + coa(^  + «p)3  (E-23) 

II,  DETERMINATION  OF  OUTPUT  ANGLE  ^ AND  DISTANCE  g 

The  vector  equation  for  the  mechanism  loop  OQ-OQ-S-T-Op, 
which  forma  the  basis  of  the  desired  solution,  has  the  following 
form: 


*a”a  ‘ '’q^^NF  - snp  + bl  s 0 (E-24) 

Substitution  of  Equations  (£-21)  to  (E-23)  furnishes  the  component 
equations 

a^cosC^  - <Iq)  + PgSin(^i'  + <»p)  - gcos((J  + ap)  + b = 0 

(E25) 

again(<^  - 8g)  - PgCos(^  ♦ <»p)  - gsin(  + t»p)  « 0 

(E26) 


From  Equation  (E-26)  one  obtains  for  g 

a„sin(^  - a_)  - + <»_) 

s = -J. 5 2 L.  (E-2?) 

sin(;'  + "p) 

This  expression  for  g la  now  substituted  Into  Equatlon(£-2^), 
Rearrangement  and  simplification  lead  to 

ApSln^  + Bpooa^  a Cp  (E-28) 

where 

Ap  * b coa«p  + agCoa(</>  - 8q  - «p) 

Bp  » b aln«p  - aQsin(^  “ *0  “ 


The  solution  of  Equation  (E-28)  for  ^ Is  obtained  In  the  same 
way  as  that  of  Equation  (E-15),  l*e,, 


2 tan 


— 1 M 


^4*4’ 

* C« 

F F 


The  correct  sign  in  Equation  (E-29)  depends  on  the  geometric 
conditions  of  the  mechanism  position  as  in  all  four-bar  linkage 
solutions  of  this  type. 


E-13 


III.  DETERMINATION  OF  PINION  ANGULAR  VELOCITY  * 


Differentiation  of  Equation  (E-28)  with  respect  to  time 

gives 


e 


AppSini^  4 Bppcoe^ 
Ay  aoB^  - Bp  sin^ 


(E-30) 


where  Ap  and  3p  aire  given  With  Equation  (E-28)  and  where 

8q  - "p) 

«Q  - 

IV.  RELATIVE  VELOCITY  AT  CONTACT  POINT  BETWEEN  GEAR  AND  PINION 


Afd  = a^sinC^ 

Bpjj  = agcoe(0 


As  for  round  on  round  contact,  the  relative  velocity 
between  point  S on  the  gear  tooth  and  point  T on  the  pinion 
tooth  is  tangent  to  the  contacting  surfaces.  In  this  case  it 
will  have  the  direction  of  unit  vector  Up  (see  Figure  E-2). 
Then, 


( 

I 


''S/T  " ^S/Oq  “ ''T/Op  " 1^^ ''S/Og*  “ '• ''T/Op  FJ  "F 

C 

Since,  because  of  the  radial  flank  of  the  pinion,  the  velocity 
of  the  contact  point  T is  normal  to  unit  vector  Hp. 

Vj/Op*  Bp  = 0 ( 

Therefore, 

Vt  " [.^S/Og*^]^P  ^ 

or 

^S/T  “ X (agSp  - P(jBjfp)]  • Bp  I Hp  ( 

Appropriate  aubetitution  of  unit  vectors  givea ■ 

Vt  “ ^['’q  * ttQain(^  - ^ + «p  + 8g)]  Hp  ( 
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V.  DETERMINATION  OF  TRANSITION  ANGLES  FROM  ROUND  ON  ROUND  TO 
ROUriD  ON  FLAT  MOTION 

The  transition  angles  and  which  occur  when  the  round  on  flat 
phase  follows  the  round  on  round  onei  may  be  determined  with  the 
help  of  the  modified  component  equations  (E-25)  and  (E-26),  i.e.  , 
one  lets  ^ a and  g a fp.  This  resu'Hs  in 


The  angle  may  now  be  obtained  by  first  eliminating  from 
Equations  (E-38)  and  (E->9)*  This  is  accomplished  with 


- fig)  + coa^(^^  *■  *G^  “ ^ 


Substitution  into  the  above  leads  to  the  following  expression 


AipSinV'^  + 


where 


s f'QOos«p  + fpsin«p 


a pQfiin«p  - fpC08«p 


1*2  f2  1,2  2 


Equation  (E-41)  is  again  solved  in  the  manner  of  Equation  (E-13) 


a 2 tan 


-1  S - V^T 

3^  ^ 
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The  correct  sign  must  again  be  determined  from  the  geometric 


conditions. 

The  associated  transition  angle  can  now  be  obtained 
either  with  the  help  of  Equation  (E-38)  or  Equation  (E-39); 


cos 


-1 


|”fpCos(^^  + « 


p)  - PgSinU^  + <Vp)  - b 


a. 


or 


* sin 


-1 


fpSin(^^  + «p)  + PgOoa(i/^^ 


E-18 


+ 8, 


(E-43) 


ri.1  * 


(E-44) 


VI.  SENSING  GEOMETRY  FOR  THE  DETERMINATION  OF  CONTACT  OF 


SUBSEQUENT  TOOTH  MESH 

The  following  derives  a computer  sensing  equation  which 
indicates  when  contact  Is  transferred  from  one  tooth  mesh  to  the 
succeeding  one.  Figure  E-3  illustrates  the  case.  The  active 
^ ! mesh  is  in  the  round  on  flat  mods  and  the  subsequent  mesh  will 
make  its  Initial  contact  in  the  round  on  round  mode.  This 


Figure  B3 

Sensing  Geometry  for  Oontaot  of 
Subsequent  Tooth  Mesh 
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assertion  is  based  on  experience  with  the  three  gear  and  pinion  I 

1 

combinations  of  the  M12^A1  booster.  In  each  of  those  Instances,  4 

the  subsequent  mesh  makes  contact  before  the  round  of  the  gear 
has  left  the  flat  of  the  pinion  in  the  active  mesh,  l.e.,g  < fp. 

(See  work  in  section  V.)  It  has  also  boon  found  that  initial 
contact  of  the  subsequent  mesh  is  always  in  the  round  on  round 
mode.  Generally,  contact  between  the  flat  of  the  gear  and  the 
round  of  the  pinion  does  not  occur,  and  it  has  not  bean  considered 
in  this  report.  Section  VII  gives  a criterion  for  the  existence 
of  this  inverted  round  on  flat  mode  of  contact. 

Once  contact  has  bean  mads  by  the  subsequent  mesh  it  bsoomes 
the  new  active  mesh.  This  can  be  proven  by  the  fact  that,  for 
a given  angular  velocity  ^ of  the  gear,  the  angular  velocity 
of  the  pinion  is  always  larger  in  the  initial  stages  of  the 
round  on  round  mode  than  in  the  final  stages  of  the  round  on 
flat  one.  Thus,  once  the  new  mesh  has  made  contact,  the  old  one  ^ / 

separates  rapidly  and  the  "contact  ratio"  is  always  unity. 

The  above  may  be  shown 
theoretically  by  the  position  of  the  instant  center  of  rotation 
between  the  gear  and  the  pinion  on  line  O^Op. 

If  .\<ft  and  represent  the  angles  between  the  individual  tooth 
center  lines  of  the  gear  and  pinion, respectively,  (see  Figure  £-3),  the 

• • • ' V- 
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closure  equation  for  the  aubequent  mesh  may  be  written  in  terms 
of  the  aotive  mesh  as  followst 

Sp[^coa(^  - «p  + + Ljji  + Lyj 

a bl  + a^  |j3oa(</'  - »Q  - + ain(<^  •* 

(E-45) 


where  Lj^,  Ly  = coinponenta  of  the  distance  L “ CpCg 

^ s pinion  angle  determined  from  round  on  flat 
mode  according  to  Kquation  (E-29) 


VII.  POSSIBILITY  OF  FLAT  OF  PEAR  MAKING  CONTACT  WITH  THE 

ROUND  PORTION  OF  THE  PINION 


Figure  E-4  shows  a transition  configuration  in  which  the 
flat  part  of  the  gear  tooth  makes  contact  with  the  circular  arc 
of  the  pinion,  i.e.^OgS  = fg.  The  radius  of  curvature  Pp  of 
of  the  pinion  will  only  then  be  normal  to  the  flat  of  the  gear 


FIGURE  E-4 

FLAT  OF  GEAR  CONTACTS  ROUND  OF  PINION 


when  0„S  ^ Accordingly,  in  order  to  avoid  thin  type  of  contact, 


the  following  criterion  must  be  met; 


b > k ^ V "a  * 


(E-49) 


The  three  gear  meahes  of  the  M125A1  booster  always  satisfy 


equation  (E-49)i  and  therefore  the  initial  contact  is  made  in 


the  round  on  round  mode. 


E-24 
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2.  MOMENT  INPUT-OUTPUT  RELATIONSHIP  FOR  SINGLE  STEP-UP  GEAR 

MESH  WITH  OGIVAL  TEETH 


The  present  section  concerns  itself  with  the  determination 
of  the  equilibrant  moment  acting  on  the  output  pinion  of  a 
single  ogival  mesh,  when  the  Input  moment  which  acts  on  'I 

the  gear,  is  given.  This  relationship  must  be  derived  both  i 

■j 

for  the  round  on  round  and  for  the  round  on  flat  phases  of  the 
motion.  The  directions  of  the  pivot  friction  forces  are 

1 

1 

again  chosen  such  that  the  resulting  moments  oppose  the  motion  | 

of  the  respective  component,  (see  Appendix  A.)  The  magnitude 

of  these  friction  moments  is  expressed  in  the  manner  of  equation  (A-2) 

of  the  aforementioned  appendix.  The  direction  of  the  friction 

force  of  the  gear  on  the  pinion  is  the  same  as  the  direction 

of  the  relative  velocity  of  the  gear  contact  point  S 

with  respect  to  the  pinion  contact  point  T.  This  will  be 

expressed  by  the  appropriate  signum  convention.  It  must  also 

be  remembered  that  the  kinematic  expressions  must  conform  to 

the  motion  phase  under  consideration. 
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a,  INPUT-OUTPUT  RELATIONSHIP  FOR  THE  ROUND  ON  ROUND  PHASE  OF 

MOTION 


>1 

! 


Figure  E-5  ahowa  the  free  body  dlagrame  for  the  round  on 
round  phase  of  motion  with  the  gear  conaidered  to  be  component 
no.  1 and  the  pinion  defined  as  component  no.  2.  The  contact 
forces  F^2  expressed  with  the  help  of  the  unit 

vector  n^  [jsBe  equation  (£-2)3  . This  unit  vector  is  always 
normal  to  both  contacting  surfaces  at  points  S and  T.  The  unit 
vector  is  used  to  describe  the  direction  of  the  friction 
forces  at  the  contact  point.  The  sense  of  these  friction  forces 
la  determined  with  the  help  of 


(E-50) 


(See  equation  (E-20)  for  Vg^,p.)  Since  the  friction  force 
of  the  gear  on  the  pinion  has  the  same  direction  us  the  relative 
velocity  one  may  write 


FREE  BCMJy  DIAGRAM  FOR  ROUND  (W  ROUND  PHASE 


Since 


Pj,  = - P,^n^ 


U-52) 


the  friction  force  of  the  pinion  on  the  gear  beconea 


^f21  “ “ 


(E-53) 


I.  FORCE  AND  MOMENT  EftUILlBRIUM  OP  THE  QEAR 


The  force  equilibrium  of  the  gear  le  aaaured  when 


- ^«^12«NA  - J'xl^  + ^’yl?  - . 0 


(E-54) 


In  the  above  h also  atande  for  the  pivot  coefficient  of  friction. 
Moment  equilibrium  is  given  by 


M.  - HP 


iV  *^1  * *^i  ^ * [*o"a  ♦ - -»'12®N*] 


(E-55) 


E»28 


^ I 

^ ■ 
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The  unit  vector  Is  defined  by  equation  (E-1). 

The  following  component  equations  may  bo  obtained  from 
equation  (E-5^4): 


^x1  “ '*^y1  " ® 


and 


-F,2®^^^  " J“aF,20o*A  + “ mFj^^  ■ 0 

After  substitution  and  orose-multlplloatlon,  one  obtains 
the  moment  expression,  equation  in  scalar  form: 

“in  - ‘^1  * - «a  - *> 

- fisaQCOs(^  “ «0  “ ® 0 

Simultaneous  solution  of  equations  (E-56)  and  (E-57)  for  Fj^ 
and  Fy^  results  In 

Hi  + fi^s)oosA  + m(1  - s>sinA  ”1 


1 + 


and 


F(  1 + M^e)sinA 


m(1  - a)oosA  *1 


Th«a*  results  are  now  substituted  in  equation  (E-58).  Since 
2 

s is  unity  and  always  positive,  the  resulting  expression  for 
F|2  following  form: 


Moment  equilibrium  must  satisfy 


The  unit  vector  Cp  is  defined  by  equation  (E-4). 

Equation  (E-62)  gives  rise  to  the  following  component 
equations; 

= 0 (E 

and 

■*■  ^y2  " * 0 (E 

The  moment  equation  (E-63)  becomes,  in  scalar  form^ 

^^0  * '‘^a^^a  ^ya  + ^ia[“'*®fp  " - 8p  - a) 

+ MSSpCOsC^  “ 8p  - ■^)]  ■ 0 

(E 

Simultaneous  solution  of  equations  (E-64)  and  (E-65)  for  Fj^2 
and  Fy2  results  in 


E-31 


; t*.l 


ijjli-  f.  -.’'-:  j;.Jt  l^l^  f t -r’li _ 


LliU*  '•  •.'.Ul.'i.  -■!!  tit-L*’ 


f.  _.j_- 


The  above  expressions  are  now  substituted  into  equation  (E-66). 
2 

Again,  e is  unity  and  always  positive,  and  tho  following 
expression  may  be  obtained  for  the  contact  force  in  terms 
of  tho  equllibrant  moment  M* 


UgCuSj^ooiC^-  -A)  - sln(^  - 6q  - a)] 


(K-70) 


To  account  for  tho  fact  that  equ.(E-70)  is  only  valid  for  tho 
round  on  round  phase  of  motion, tho  signum  symbol  has  now  been 
changed  to  Su* 
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b.  INPUT-OUTPUT  RELATIONSHIP  FOR  ROUND  ON  FLAT  PHASE  OF  MOTION 


: 


( I 
). 

li 


s; 
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Figure  E-6  gives  the  free  body  diagrama  for  the  round  on 
flat  phase  of  the  motion*  Again,  the  gear  is  considered  to 
be  component  no.  1,  while  the  pinion  la  component  no*  2* 

Using  the  unit  vector  Hjjpi  of  equation  (E-22),  which  is  normal 
to  the  flat  aide  of  the  pinion  to  express  the  force 
gear  on  the  pinion,  one  obtains' 


^12  “ “ ^12^NF 


(E-7D 


The  friction  force  of  the  gear  on  the  pinion  again  has  the  some 
direction  as  the  now  applicable  relative  velocity  of 
equation  (E-35)*  With 


as  the  applicable  aignum  convention,  the  friction  force 
beoumes 


^fl2  " '‘"^I2^F 


(E-73) 


E-33 


f 1 
ti 
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The  contact  force  of  the  pinion  on  the  gear  and  the  associated 
friction  force  are  equal  and  opposite  to  the  forces  given  by 
equations  (E-71)  and  (E-73)  respectively.  Thus, 


and 


^21  “ 


(E-74) 


(E-75) 


Note  that  the  kinematics  of  the  round  on  flat  phase  must  now  be  used. 


I«  FORCE  AND  MOMENT  EQUILIBRIUM  OF  THE  GEAR 


Force  equilibrium  of  the  gear  is  given  by 


f’la^NF  ” '*®^12^F  “ ^ylj  “ ° 


(E-76) 


Moment  equilibrium  requires 


M, 


in' 


1^  ■ '*'’1  ^^’’xl  ^yl  C®q”q  ■ '’q”nf]  ^ C^IS^NF  ” '**^12”f] 

(E-77) 


a 0 


E-35 
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Equation  (E-76)  furnishes  the  following  component  expressions 


-F^2.^±n(4'  + «p)  - * "p)  ” ^xl  " ° 

(E-78) 

and 

•*■  "p)  " ^sF^2®^*^^^  ■•■  “p)  ■*■  ^yi  “ '‘^xl  “ ® 

(E-79) 


The  scalar  form  of  equation  (S-77)  is  given  by 


J^in 


+ Msagsin('i('  - Bq,  - <>' 


» 0 
(E-80) 


Simultaneous  solution  of  equations  (E-78)  and  (E-79)  for  F^^^  and 
Fy^  furnishes 


^xl  ■ ^12 


^i(1  - s)cos(^  + «p)  - (1  + ^‘^B)sin(^  + «p) 


1 + M 


and 


(E-81) 


Pa»(1  - s)sin(i^  + rtp)  + (1  + M^s)cos(^^  + Op)  ~| 


The  above  results  are  now  substituted  Into  equation  (E-8o). 

2 

Since  s is  again  unity  and  positive  at  all  times,  the  resulting 
expression  for  F^2  becomes^in  terms  of  , 


-FiaJ^NF  * “ ° 

(E-84) 

Moment  equilibrium  requires  that 

V * * ^y2  i<  + sHp  X (-F,2Hnf)  = 0 (E-85) 


i 

i 
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Equation  (E-84)  furnishea  the  following  component  equations 


F^^B±n(<p  + «p) 

+ msF^2®o®^^  "p) 

" ^x2  " 

-s  0 
(E-86) 

-F^gCoaCv-  + «p) 

+ /isF^gSinCit’  + ap) 

* ^y^  " 

'•'xa 

* 0 

(E-87) 


The  scalar  form  of  the  moment  equation  (E-85)  becomes 


Mo  " 


gF^2  “ ® 


(E-88) 


Simultaneous  solution  of  equations  (E-86)  and  (E-87)  for 
and  loads  to 


* 


-^12  L” 


(1  - /it*^o)sin(<t'  ■»  «p)  m(1  s)ooa(^ 


1 + 


and 


(E-89) 


Fy2  - F 


(1  - M^s)coa(\^  + a ) - ;*(i  + s)sin(^  + 


1 + 


!eL] 


(E-90) 


E-38 


The  above  expreoulons  ore  now  substituted  into  equation  (E»88). 

2 

Again,  8 Is  unity  and  positive.  The  following  expression  for 
obtained 

F.p  « 2 (E-90 

iS  - MP2 


III,  MOMENT  INPUT-OUTPUT  RELATIONSHIP 


When  equations  (E-83)  and  (E-90  are  set  equal  to  each 
other,  one  obtains  the  following  Input-output  relationship; 


M 


in 


S - Upg 

+ s^Pq)  - agCoos(^  - 6^  - i</ - Op)  + uspSinC  ^ - bg-ij)  - Op)] 

(B-92) 


Note  that  tho  signum  symbol  has  been  changed  to  Sp  in  tho  above 
expression  to  account  for  the  fact  that  the  expression  is  only 
valid  in  the  round  on  flat  phase  of  motion* 


APPENDIX  P 


COMPUTER  MODELS  FOR  A SINGLE 
STEP-UP  GEAR  MESH  WITH  CLOCK  TEETH 

The  present  appendix  contains  descriptions,  listings  and 
sample  outputs  of  the  following  computer  models  relating  to 
single  step-up  gear  meshes  containing  clock  (ogival)  teeth 

1.  Program  CLOCK  li  Kinematics  of  single  pass  step-up 

gear  mesh  with  clock  (ogival)  teeth 

2.  Program  CLOCK  2i  Point  and  cycle  efficiencies  for 

single  pass  step-up  gear  mesh  with 
clock  (ogival)  teeth 

• I • 

The  relevant  background,  the  Input  parameters,  the  manner 
of  the  computations,  and  the  form  of  the  output  of  each  program 
are  discussed  In  detail.  The  program  proper  forms  the  last  part 
of  each  section. 


1 • Program  CLOCK  li  Klnematlos  of  Single  PmsB  Step-Up  Q>ar 

Meah  With  Clock  (Ogival)  Taeth  j 

The  program  CLOCK  1 is  based  upon  that  portion  of  Appendix  E 1 

I 

whioh  deals  with  the  kinematics  of  single  mesh  step-up  olook  | 

1 

gearing.  It  may  bo  used  to  check  on  the  geometric  performance  | 

■\ 

of  olook  type  meshes.  ' 

s 

The  nomenclature  of  the  program  is  chosen  to  i 

I 

coincide  as  much  as  possible  with  that  of  Appendix  D as  well  | 

1 

as  that  of  Appendix  E.  S 

t 

) 

i 

a.  Input  Parameters  (see  Program  CLOCK  1>  below)  ^ . ] 

The  following  parameters  represent  the  input  data  for  the 

i 

program i | 

A 

J 

CAPRP  ■ Rp,  the  pitch  radius  of  the  gear 
RP  « rp,  the  pitch  radius  of  the  pinion 

AG  ■ Sq,  the  distance  from  the  center  of  rotation  of  the  gear 
to  the  center  of  curvature  of  the  circular  arc  portion 
of  the  gear  tooth 

AP  m ap,  the  distance  from  the  center  of  rotation  of  the  pinion 
to  the  center  of  curvature  of  the  circular  arc  portion 
of  the  pinion  tooth 

RHOG  ■ pQ,  the  radius  of  curvature  of  the  circular  arc  portion 
of  the  gear  tooth 

RHOP  a Pp,  the  radius  of  curvature  of  the  circular  arc  portion 
of  the  pinion  too*th 

TG  M tg,  the  maximum  thickness  of  the  gear  tooth 


P-2 


TP  M tpt  the  mexlnuiD  thlokneae  of  the  pinion  tooth 
KG  m Kq,  the  number  of  teeth  of  the  gear 
NP  ■ np,  the  number  of  teeth  of  the  pinion 
K ■ range  divisor 

e 

PHIDOT  ■ <p  e 1,  all  velocity  computations  are  based  on  this  value 

b.  Computations  (see  also  COMMENT  oarde  In  program) 

I.  Computation  of  Gear  Tooth  Parameters 
The  following  tooth  parameters  of  the  gear  as  well  as  of 
the  pinion  are  first  computed! 

For  the  gear 

CXG  m Oj^Q  (see  eq.  (D-i)) 

DELO  a iQ  (see  eq«  (D-2)) 

CfG  « OyQ  (see  eq,  (D-3)) 

ROO  « Tqq  (see  eq.  (D-^)) 

OAMMG  ■ Y(3  (•••  «<!•  (D-5)) 

ETMING  ■ ’'mlhG  (C-8)) 

RTMAXO  . • ^^*9>> 

For  the  Pinion 

CXP  ■ Qjp  (see  eq.  (D«l)) 

DELP  ■ Ap  (see  eq.  (D-2)) 

CYP  ■ Oyp  (see  eq.  (D-3)) 

HOP  M (see  eq.  (D-4)) 

GAMMP  » Yp  (see  eq.  (D-5)) 

ALPHP  ■ ap  (see  eq.  (D-6)) 
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) 

r : 


ETMINP  m ’'minp  *1* 

ETMAXP  e ( S66  0q  t (D-9)) 

PP  « fp  (see  eq,  (D-7)) 

In  general 

Bab,  the  center  dietenoe  between  the  gear  and  the  pinion 
DPHX  • ^«p,  the  angle  between  the  center  lines  of  adjacent 
gear  teeth 

DPSl  m the  angle  between  the  center  lines  of  adjacent 
pinion  teeth 
L (see  eq,  (E-10)) 


II*  Determination  of  Transition  Angle 
In  order  to  define  the  ranges  for  the  round  on  round  and 
the  round  on  flat  phases  of  motion,  it  is  first  necessary  to 
locate  the  transition  angles  and  This  is  accomplished 

with  the  help  of  the  expression  contained  in  section  Ib-V  * 
Appendix  E . The  transition  angle  f .p  is  first  solved  according 
to  eq.  (E-42).  Slnoe  the  solution  furnishes  two  answers,  i.e., 
the  angles  and  It  Is  necessary  to  deolde  which  of 

these  is  the  desired  one.  The  principal  criterion  for  selecting 
the  correct  value  of  V'p  is  based  on  the  motion  of  the  contact 
point  T with  respect  to  the  pinion.  The  first  transition 
angles  and  q>,p|^  occur  as  the  contact  point  moves  from  the 
round  portion  of  the  pinion  to  the  flat  one  (for  increasing 
values  of  f).  As  this  motion  is  continued,  the  distance  g 
becomes  smaller  than  the  transition  parameter  fp.  Onoe  g has 
reached  its  minimum,  the  contact  point  moves  outward  on  the 
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pinion  flat  until  g theoretically  equals  fp  once  again.  This 
part  of  the  motion  is  never  completed  in  actuality  einoe  the 
subsequent  set  of  teeth  takes  over  before  g reaches  this  tran« 
sltion  value.  It  is  this  second  transition  situation  which 
corresponds  to  the  transition  angles  <^nd  9.^2 • Since  the 
round  on  flat  equation  does  not  recognize  any  limitation  on 
the  length  of  the  pinion  flat,  an  increase  of  «p  over  the  value 
of  q>ip2  will  have  associated  with  it  a theoretical  value  for  g 
which  is  larger  than  fp.  Thus,  one  may  identify  the  correct 
value  of  9ip  and  by  noting  that  an  increase  in  the  angle 
must  lead  to  an  associated  value  of  g which  is  smaller  than  fp. 

The  program  uses  this  criterion  in  the  following  manner 
after  and  f.p2  ft^e  known  1 

A.  Subroutine  TRANS  is  called  and  the  angle  which 

is  associated  with  is  computed  with  the  help  of  eqs.  (B-^3) 
and  (E-44), 

B.  The  angle  (p  la  made  slightly  larger  than  to  produce 
PKINBXT,  and  eq.  (E>29)  is  used  to  find  the  associated  angle 
PSINEX.  Since  there  are  two  such  angles,  the  subroutine  selects 
the  one  which  is  closest  to  the  value  of  transition  angle 
Subsequently,  the  associated  value  of  is  computed  according 
to  eq.  (E-27). 

C.  Steps  A and  B are  then  repeated  identically  for  the 

second  transition  angle  x'ssults  in  the  determination 

of  g2* 

D.  Control  remains  with  the  main  program,  and  that  value 
of  is  chosen  for  which  the  associated  value  of  g is  smaller 
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than  fpf 


For  checking  purposes,  a subsidiary  test  for  the  determi- 
nation of  the  transition  angle  was  added  to  the  program.  It 
is  based  on  the  idea  that,  for  the  correct  transition  angle 
the  line  representing  the  flat  portion  of  the  pinion  will  make 
a smaller  angle  Kith  the  center  line  OqOp  than  will  be  the  case 
for  the  Incorrect  one.  To  this  end,  TESTl  and  TEST2  find  both 
angles  with  the  help  of 

TEST  . 360°  - 

HI.  Detenninatlon  of  Correct  Sign  for  Round  on 

The  sign  preceding  the  square  root  in  eq,  (B-29),  for  the 
round  on  flat  regime,  is  determined  with  the  help  of  the  angle 
Tip*  The  oondition  which  yields  that  angle  f which  is  closest 
to  governs.  The  variable  SIONF  is  used  for  the  sign  under 
consideration. 

IV.  Computation  of  Final  and  Initial  Valuti,  of  9 arAJ' 
The  final  and  initial  values  of  the  gear  and  pinion  angles 
are  found  by  continuously  evaluating  the  round  on  flat  equation 
(E-29),  using  the  previously  determined  value  of  SIONF,  and 
simultaneously  oheoking  the  contact  condition  for  the  subsequent 
set  of  teeth,  as  given  by  eq,  (E-46).  This  loop  is  initiated 
at  the  transition  angle  and  terminated  once  the  oondition  of 
eq,  (E-48)  is  met.  'Phis  allows  the  simultaneous  determination 
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of  both  the  angles  at  whloh  the  first  set  of  teeth  loses  contact 
and  at  which  the  second  set  of  teeth  cones  Into  engagement.  The 
latter  is  accomplished  by  subtracting  ^qp  from  the  "loss  of  contact** 
angle  qpp  and  adding  to  the  "loss  of  contact**  angle  (see 
computations  following  statement  label  no.  ?0).  PHIP  and  PSIPP 
represent  the  angles  when  contact  Is  lost  for  a given  mesh,  while 
PHII  and  PSII  stand  for  the  angles  when  initial  contact  is  made. 

V.  Datermlnation  of,  Correot  Sian  for  Round  on  Bound  Rgglne 

Bq»  (B-13)  is  used  to  determine  the  angle  ^ while  the  gear 

and  pinion  are  in  the  round  on  round  regime.  The  correct  sign 
In  eq.  (E-13)  Is  obtained  by  comparing  the  value  of  the  angle  <l>, 
as  computed  with  PHII.  with  the  value  of  PSII.  SIGNR  Is  the 
variable  whloh  furnishes  this  sign. 

VI.  KlnematlQi 

Since  the  limits  as  well  as  the  correct  signs  for  both  the 
round  on  round  and  the  round  on  flat  regimes  are  known,  the 
various  kinematic  properties  of  Interest  may  now  be  computed. 

The  angular  Inorement  DDPHI  of  the  Input  angle  Is  found 
by  dividing  the  range  from  PHII  to  PHIP  Into  K parts.  (K  la 
the  range  divisor.)  The  computational  loop  begins  with  state- 
ment label  no.  110  and  ends  with  the  third  card  from  the  end 
of  the  main  program.  The  computation  Is  terminated  when  the 
angle  q>  exceeds  PHIP. 
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A.  Round  on  Round  Regime  | 

Ab  long  as  PHI  is  smaller  than  the  transition  angle  PRIT,  | 

the  klnematloo  of  the  round  on  round  phase  of  motion  Is  computed.  I 

This  results  In  the  following i I 

;l 

[ 

Ij 

PSX  ■ ^ (see  6().  (B-13))  t 

LAMDA  ■ \ (see  eqa.  (E-l4)  and  (E-15)) 

PSIDOT  » ^ (Bee  eq.  (E-l6)) 

VSTR  ■ Vs/T  for  round  on  round  (see  eq.  (E-20)) 

SR  M a (see  eq.  (E*50)  for  later  use)  ' 

ETAPR  « Vp  (see  eqs.  (B-6a)  and  (E-6b)) 

ETAGR  ■ Vq  (see  eq.  (E-5).  For  discussion  of  the  usefulness  of 

Vp  and  nee  output  In  section  o below.)  ; 

1 

>1 

f L 

B . Round  on  Flat  RegliBe  j 

When  PHI  is  larger  than  the  transition  angle  PH1T»  the  ^ 

Wlnematloa  of  the  round  on  flat  phase  Is  computed.  This  | 

computation  includes  the  rollowlngi  | 

PSI  ■ (see  eq.  (E«29)) 

G II  g (see  eq.  (E-27 ) ) 

,1 

PSIDOT  mi  (see  eq.  (E-30)) 

VSTF  ■ V3/<j«  for  round  on  flat  (see  eq.  (E-35)) 

SF  • • (see  eq.  (E-?2)  for  later  use) 

ETAGF  ■ Vqp  (see  eqs.  (E-6o)  and  (E-6d))  | 


o , Output  f.iee  Progran  CLOCK  1,  below) 

As  previously,  the  output  of  the  prograir  Is  best  explained 
Kith  the  help  of  the  sanple  problan  at  the  end  of  the  program. 
It  contains  the  following i 


I • Input  Parameters 


CAPRP  . Rp  . .47725  in.  (1.212  on) 
RP  - Tp  - .09085  In.  (0.231  cm) 

AG  • aQ  . ,47725  in.  (1.212  cm) 

AP  ■ ap  - ,09085  in.  (0.231  cm) 

RHOG  ■ Pq.  « .03670  In.  (0.098  cm) 

RHOF  m Pp  m .01740  In.  (0.044  cm) 

TG  M tg  . .03460  In.  (0.088  cm) 

TP  ■ tp  ■ .02800  In.  (0.071  cm) 

KG  • ng  « 42 

KP  u>  np  ■ 6 

K • 50 


II.  Computed  Values 

The  following  parameters  are  printed  outi 

DELGD  « 6q  « 2.5880® 

OELPD  « 8p  « 2.1448® 

GAMMPD  i>  Yp  - 11.0418® 

ALPHPO  . ap  « 6.8970® 

ETMINGD  . » 85.3488® 

ETMAX.OD  « VniaxQ  - 144.0484° 
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ETMINPD  . « 78.9582° 

ETMAXPD  . .,„axp  - 166.5870° 

PP  « fp  « .08917  In.  (0.226  cm) 

Th«  printout  concerning  the  transition  angles  consists  of 
two  lines.  While  the  program  automatically  picks  that  transition 
configuration  whloh  loads  to  a deoreaalng  value  of  g as  <p  is 
Increased,  both  transition  angles  are  printed  out  for  checking 
purposes.  Thus,  one  finds 


(pipj  • 106.36°  ^T1  ■ 308.63°  gj  . .0895  in.  CO.227  cn)  TRSTl  ■ 42.470 

<PT2  - 178.75°  " 3^6. 65°  g2  - .0888  in-  (0.226  cm)  TBST2  « 4.45° 

Clearly,  the  second  line  represents  the  solution  slno' 
g2  ■ .0888  for  a slight  Increase  in  the  angle  9 over  mip. 

This  is  less  than  the  value  of  fp  ■ .08917.  In  add  it  n, 

TEST2  furnishes  the  smaller  number  of  degrees.  Recall  '' 

TEST  represents  the  angle  between  the  flat  of  the  pinion 
the  line  oonneotlng  the  pivots. 

Purthormore,  the  program  shows  the  Initial  and  final  angles 
of  oontaoti 


PHIID 
PS  I ID 
PHIPD 
PSIPD 


the  angle  9 at  Initial  contact 
the  angle  \l>  at  initial  contact 
the  angle  9 at  final  contact 
the  angle  <l>  at  final  contact 
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Note  that  angle  9 Inoreases  while  the  angle  ^ decreasee  from 
the  beginning  to  the  end  of  the  contact. 

The  computatlcnal  loop  begins  with  PHIID  and  ends  with 
PHIFD.  Further,  when  PHID  reaches  the  approximate  value  of 
PHIT.D,  the  output  shifts  from  round  on  round  parameters  to 
round  on  flat  ones.  The  purpose  of  the  multiple  output  through- 
out the  motion  of  the  mesh  la  to  gain  Insight  concerning  the 
behnvlor  of  the  mesh  as  well  as  to  be  able  to  check  geometric 
values. 

The  following  conclusions  may  be  drawn  for  either  of  the  phases 
as  well  as  In  general  for  the  under  conslderatlrvu 


A.  Round  on  Roun 


PSIDOT,  the  angular  velocity  of  the  pinion,  Is  negative, 
and  at  all  times  near  the  •;gear  ratio"  of  42/8  m 5*25i 

SR  Is  printed  here  only  for  checking  purposes.  It  becomes 
Important  In  the  moment  Input-output  analyses  of  progiam  CLOCK  2. 

The  angles  ETAGRD  and  ETAPRD  are  of  Interest  because  one 
needs  to  make  sure  that  the  contact  between  gear  and  pinion  does 
rot  occur  too  close  to  the  respective  tooth  tips.  This  Is 
necessary  since  the  present  mathematical  model  has  a pointed 
tip  while  In  a real  situation  the  tips  are  rounded.  Thus,  If 
contact  Is  sufficiently  far  from  the  tips  of  the  teeth,  the 
present  model  will  give  valid  answers. 

The  range  of  ETAGRD  Is  approximately  between  86°  and  90°. 
This  Is  considerably  smaller  than  the  ETMAXGD  of  approximately 
l44°  and  larger  than  the  ETMINGD  of  approximately  85°,  (The 


h 


S • 

L 


latter  Bhows  that  the  round  of  the  pinion  tooth  does  not  touch 
the  flat  of  the  gear  tooth.) 

The  angle  ETAPRD  of  the  pinion  tooth  Is  always  consider- 
ably smaller  than  ETMAXPD.  Since  contact  Is  transferred  to  the 
flat  portion  of  the  pinion  at  the  end  of  this  phase  of  motion, 
ETAPRD  almost  equals  ETMINPD  at  that  point. 

LAMDAD  Is  given  for  general  checking  purposes  only. 


B.  Round  on  Flat  Phase  (178.6623°  < 9 < 184.834^! 


The  angular  velocity  ^ continues  relatively  smoothly 
after  the  transition.  The  distance  g remains  smaller  than 
fp,  as  expected,  and  It  reaches  a minimum  of  .0822  in.  at 
cp  182.5°.  It  Is  further  to  be  noted  that  g never  reaches 
the  value  of  fp  again  since  the  subsequent  set  of  teeth  takes 
over  when  g = .08439  in-  (0.214  cm).  For  the  present  program  to  be  valid, 
It  Is  necessary  that  contact  ends  before  the  round  on  flat 
phase  Is  completed. 

As  before,  sp  Is  given  for  checking  purposes  only,  and 
Its  value  has  been  confirmed.  Just  as  was  done  for  Sj^,  by 
graphical  analysis  (not  shown). 

The  angle  BTAGFD  of  the  gear  reaches  a maximum  of  approx- 
imately 130°  at  the  end  of  this  phase.  Since  this  Is  well 
below  the  maximum  value  ETMAXOD  ■ l44°,  there  Is  enough  margin 
for  a tip  radius  on  the  gear  tooth. 
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C.  General  Conaider>tlcnB 

As  expected  for  a direct  contact  mechanism  of  this  type, 
the  angular  velocity  ratio,  as  represented  by  PSIDOT,  is  not 
constant  and  has  a greater  absolute  value  at  initial  contact 
than  at  final  contact.  This  Indioatas  that  the  pinion  will 
speed  up  somewhat  as  the  subsequent  set  of  teeth  oomas  into 
contact,  and  that  therefore,  the  original  set  of  teeth  loses 
contact  at  that  Instant,  Tills  means  that  the  "effective 
contact  ratio"  is  unity. 


1 
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2.  Program  Cloolt  2i  Point  and  Cvole  Efflclenoles  for  Single 

Pass  Step-Up  Gear  Mesh  With  Clock 
(Ogival)  Teeth 

The  program  CLOCK  2 furnishes  the  moment  Input-output 
relationship  for  a single  step-up  gear  mesh  with  clock  (ogival) 
teeth  as  derived  In  section  2 of  Appendix  E.  This  program  uses 
the  same  kinematics  as  program  CLOCK  1,  and  It  differs  from  that 
program  only  In  that  It  also  determines  both  point  and  cycle 
efflclenoles.  Because  of  the  above,  sections  a to  c below  will 
only  contain  discussions  on  those  portions  of  the  program  whlcli 
are  different  from  CLOCK  1,  The  last  section  shows  the  complete 
progi-am  CLOCK  2. 

a.  Input  Parameters  (eee  Program  CLOCK  2,  below) 

In  addition  to  the  Input  parameters  of  CLOCK  1,  the  following 
data  must  be  supplied  to  the  program i 

MU  m u,  the  ooefflolent  of  friction  at  the  gear  and  pinion  pivots 
as  well  as  at  the  oontaot  point  between  the  gear  and  the 
pinion 

RHOl  m the  pivot  radius  of  the  gear 
RH02  ■ /»2»  pivot  radius  of  the  pinion 

b.  Computations  (See  also  COMMENT  oards  In  program) 

Computation  of  Gear  Tooth  Parameters 
The  computation  of  the  gear  tooth  parameters  Is  Identical 


Flat  Regime 

This  oomputatlon  is  also  identloal  with  that  given  in 
program  CLOCK  l.  > , 

IV . Computation  of  Final  and  Initial  Values  of  q>  and  ^ 

This  computation  is  also  identical  vrith  that  given  in 

program  CLOCK  i . 

V.  g;gn,.fgr.  a 

Round  Regime 

ITils  computation  is  also  Identical  with  that  given  in 
program  CLOCK  I . 

VI.  Kinematics.  Poipt  and  Cycle  EfflolenoleB 

The  angular  Increment  DDPHI  of  the  input  angle  is  found 
in  the  same  manner  as  shown  in  program  CLOCK  1.  While  the 
initial,  transition  and  final  angles  of  the  mesh  are  obtained 
in  the  same  manner  as  shown  in  CLOCK  1,  the  computational  loop 
of  the  program  ranges  from  the  initial  angle  PHII  to  one 
increment  before  the  final  angle  PHIF.  This  is  necessary  in 


P-24 


order  to  acconunodate  the  numerical  Integration  for  the  cycle 
efficiency. 


A.  Round  on  Round  Regime 

As  before  for  CLOCK  1,  as  long  as  PHI  Is  smaller  than 
the  transition  angle  PHIT,  the  Kinematics  of  the  round  on  round 
-^hase  of  the  motion  Is  computed  for  each  increment.  These 
Kinematic  computations  are  Identical  with  those  given  In 
CLOCK  1.  The  point  efficiency  In  this  phase  of  motion  is 
obtained  with  the  help  of  eq.  (E~70)  and  takes  the  form  of 
eq.  (3),  l.e.  , 


*P  " ^ratlo  « — (F-2) 

”ln 

Since  the  transmission  ratio  depends  on  the  angular  velocity 
ratio,  and  the  input  angular  velocity  Is  unity,  eq,  (P-2)  becomes 

^p=  — U’l  (POINTEF)  (F-3) 

”in 

B*  Round  on  Flat  Regime 

When  PHI  Is  larger  than  the  transition  angle  PHIT,  the 
kinematics  of  the  round  on  flat  phase  becomes  applicable.  While 
the  computed  kinematic  quantities  are  Identical  with  those  of 
CLOCK  1,  the  present  program  contains  an  expression  for  the 
point  efficiency  for  the  round  on  flat  phase  of  the  motion. 

This  expression  is  obtained  with  the  help  of  eq,  (E-92),  and  It 
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Is  computed  In  the  manner  of  eq,  (P-3)  with  the  now  current 
values  of  the  output  angular  velocity  PSIDOT. 


C.  Computation  of  Cycle  Efflclenc 


Once  the  computational  loop  Is  terminated,  the  cycle 
efficiency  Is  computed  In  the  manner  of  eq.  (C-10)  of  Appendix  C 
i.e. , 


A<p  Z f p 

Eq  ^ £! (CYCLEPF) 

(<PpiN  - <Pin) 


The  summation  was  accomplished  Inside  the  loop  in  terms  of 


MTOT  « MTOT  + POINTEF 


Further, 


Aqj  s DDPHI  In  the  program,  and  similarly 


cppiN  » PHIF  and 

1>IN  - PHII 


c,  Output  (See  section  d below 


The  output  of  CLOCK  2 Is  Identical  with  that  of  CLOCK  1 with 
the  exception  that  the  point  and  cycle  efficiencies  are  printed 
out,  The  Identical  geometric  parameters  are  used,  and  therefore, 
the  same  kinematic  output  Is  obtained. 
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APPENDIX  G 

KINEMATICS  OP  TDD  AND  THREE  STHP-UP  GEAR  TRAINS  WITH  CLOCK  TBBTH 

Figure  Q~1  ahowa  the  basic  configuration  of  a three  atep-up 
gear  train  uaed  In  certain  fuse  applioatlona.  The  general 
layout  la  Identical  to  that  shown  in  Figure  of  Appendix  A* 

Now,  ogival  type  gear  teeth  are  used  Instead  of  Involute  type 
ones.  Again,  it  la  required  to  find  the  equillbrant  mofflentiM^^, 
acting  on  pinion  no.  4 which  holds  the  input  moment, , 
acting  on  gear  no.  1 , in  equilibrium  when  both  pivot  and 
contact  friction  are  taken  Into  account,  and  when  the  fuse 
body  spins.  Appendix  H gives  the  force  and  moment  analyses  for 
the  determination  of  this  moment  Input-output  rolationship* 

The  same  appendix  also  shows  the  derivation  of  such  an  Inpvt- 
output  relationship  for  a two  step-up  gear  train  with  ogival 
gear  teeth  which  must  operate  in  a spin  environment.  (Figure  A- 10 
of  Appendix  A shows  this  typs  of  configuration  with  involute 
teeth.)  The  present  appendix  lays  the  groundwork  for  the  moment 
relationships  of  Appendix  H by  providing  the  kinematics  of 
the  three  ogival  gear  meshes  involved. 

In  each  case  both  round  on  round  and  round  on  flat  phases 


of  motion  hav«  to  bo  consldorocl.  All  dorlvationa  follow  tho 
pattern  set  in  Section  1 of  Appendix  E.  The  derivations  must 
take  into  account  that  the  driving  gears  of  meshes  no.  1 and 
no.  3*  l.e.,1  between  gear  no.  1 and  pinion  no.  2 and  between 
gear  no.  3 and  pinion  no.  k,  respectively,  have  clockwise 
rotations.  The  driving  gear  of  mesh  no.  2,  i.e.»between  gear  no.  2 
and  pinion  no.  3i  has  oounterolookwiss  rotation. 

Finally,  the  inclinations  of  the  various  pivot  to  pivot 
centerlines  with  respect  to  the  body-fixed  X-axea,  as  represented 
by  the  a .files  and  Py  must  be  uonsldered. 

For  the  sake  of  simplicity,  the  notation  will  In  most  oases 
not  differentiate  between  round  on  round  and  round  on  flat  phasea 
of  notion.  For  example,  the  output  angle, ,and  Its  derivatives 
will  have  the  same  symbol  for  both  phases. 

For  definitions  of  aniades  end  as  well  as  the  distanoes 


,see  Appendix  A-6* 


1.  KIIfEMATICS  OF  MESH  NO.  1 (GEAR  NO.  1 AND  PINION  NO.  2) 


a.  ROUND  ON  ROUND  PHASE  OF  MOTION 


Figure  Q-2  showB  the  round  on  round  phase  of  the  motion 
of  mesh  no.  1 In  a schematic  manner*  Only  the  contacting  faces 
of  the  gear  and  the  pinion  are  indicated. 

I.  UNIT  VECTORS 


The  unit  vector  in  the  direction  of  the  gear  is  given  by 


oos(<^^  + + sinC^I  + 


(Q-0 


The  unit  vector  in  the  direction  Cg^Cp^  is  given  by 


n^^  = cosA^l  + sinA^j 


(G-2) 


The  unit  vector  normtsi  to  n^^^  (in  the  right  hand  sense)  becomes 


*Na1 


= -sinA^i  + cosA^J 


(0-5) 


a-if 


The  unit  vector  in  the  direction  O^Cp^  la  given  by 

Hp,  = cos(^^  + 8p^)I  + ain(^^  >*■  8p,  )J  (Q-4) 

Finally,  the  unit  vector  along  the  centerline,  0^02* is  given  by 
n^^  = eoa^^I  + ainiS^J  (Q-5) 

II,  DETERMINATION  OF  OUTPUT  ANGLE  AND  “COUPLER"  ANGLE  X, 

The  loop  equation  of  the  equivalent  four-bar  linkage  la 
given  by ■ 

*G1“q1  - *P1"P1  " = 0 

where  •*•  i»p^  (Q-7) 

With  the  appropriate  substitution  for  the  unit  vectors,  one 
obtains  the  following  component  equations: 


ag^oo8(<>^  *01^  L^coax^  - b^coa/3^  - ap^coa(({,  ■*■  *P1  ^ ® 

(Q-8) 

and 

aQ,sin(</>,  * L^ainx,  - 'b^ain^^  - ap,ain(^t^  ^ «P1  ^ = ° 

(Q-9) 


To  eliminate  x^ , let 


ain^X^  + coa^A,  » 1 (Q-10) 

The  above  trigonometric  funotlona  are  obtained  from  equations 
(Q-3)  and  (Q-9), respectively.  Substitution  Into  equation  (Q-10) 
furnishea 


A^pain^i-^  + B^pOoa^^  » C^P  (Q-1 0 

where 

*1R  “ * *31  • 'pi>  * - *pi> 

®IH  ' * *31  • *P1>  ■ - *PI> 

„ 4l  * *31  * '>f  - *'1  • 2«al'>l'»’"(*l  ♦ *31  - "l> 


Equation  (Q-11)  la  now  aolvad  for  In  the  manner  described 
In  Appendix  fJ  in  connection  with  equation  (E-12),  l.e.. 


The  correct  sign  on  equation  (0-12}  must  be  found  from  geometric 
considerations* 

The  coupler  angle  may  now  be  determined  either  from 
equation  (G-8)  or  from  equation  (0-9).  Thus, 


b^cos/3^  * ap,oos(^^  + 8p|)  - ag^coa(^,  ^ *01^ 


b^sin/3^  + ap,ein(<f’^  + 8pP  - Sg^slnC^,  + 8g,> 


Difforentiatlon  of  equation  (G-11)  with  respect  to  time 


- A^pjjalnif',  + C,pjj 


'IR 


cos^,  - B^pSln^, 


(q 


ag,coa(^^  + ag,  - 8p,> 
ag,eln(^,  + 8q,  - Bp,) 


- iSi) 


a-,b,8in(0-  + a„. 


because  the  position  vectors  In  brackets  are  equal,  equation  (0-17) 
may  be  written 

“ ^31/0,  “ ^T1/02 

■ X (Iq,  ^ (Spi  ♦ (0-19) 

Note  that  ^3^/ip^  becomes  the  vectorial  difference  of  the 
H 

contact  point  velocities  with  respect  to  the  fuss  body. 

Since  tliis  relative  velocity  is  tangent  to  the  contacting 
surfaces,  it  may  be  written  as  the  vectorial  difference  of  the 
velocity  components  along  these  surfaces.  Accordingly, 
equation  (Q-19)  becomes,  with  the  help  of  the  unit  vector 

^si/Tip  * \[.*\^  ^ * '’Qi^AiO  * ”nai 

(Q-ao) 

Appropriate  substitution  of  unit  vectors  given  earlier  in  Section  I 
and  simplification  results  in 


0-n 


^s»/t1r  ■ I ^ *ai  “ '‘oij 

••  CO0(  ♦ Spi  “ 


- P' 


>0 1 


(G-21) 


b>  ROUND  on  FLAT  PHASE  OF  MOTIQB 

Figur*  G-3  ahowa  a sohamatio  vlaw  of  mash  no.  1 In  tha 
round  on  flat  phasa  of  tha  motion* 

It  mirntm 

Tha  unit  vactor  In  tha  dlraotion  la  glvan  by 

Up^  ■ ooa(^,  - «»p,)I  ♦ ain(^^  - «p,)J  (Q-22) 

Tha  unit  vactor  , in  tha  dlraotion  Cq^Sj,  ia  always  normal 
to  Hp^ 

Hj^p,  r -ain(i/-^  - «pi)I  + cos(iJ'^  - (G-23) 


G-12 


Direction  of 
Rotation 


FIGURE  G-3 

ROUND  ON  FIAT  PHASE  FOR  MESH  NO.  1 


Q-13 


II.  DETHIMIH/ITIOII  OF  OUTPOT  AIMLI!  AWI  DISTAMCI  «, 


Th«  vtotor  •quAtlon  for  th«  naohanlm  loop  O^-Cg^-Sf 
has  the  form; 

•q1®Q1  " *1^1  " ® (0-24) 

Subititutlon  of  equations  (Q«1)i  (Q-?)»  (0-22)  and  (Q-23) 
leads  to  the  following  oomponent  equations 


ag^oos(^,  + 8q,)  - Pg,sln(f,  - «p^)  - b,coo|9,  - g,oos(i^',  - «p, 

■ 0 (0-25) 

and 

SQ,sin(^^  * ®Qp  " *P1^  “ b^sln/3,  - g,sin(if,  - «p, 

m 0 (0-26) 


From  equation  (Q-26)  one  obtains  for  the  quantity  g^ 


«i  ■ 


ag,sin(f,  + 4 '‘aiOO*(’*'l  - "pP  - b^sin/J, 


sln(il'^  - «p|) 


(0-27) 


0-14 


This  expression  is  now  substituted  In  equation  (Q-23)*  This 


leads  to  the  following: 

A^pSln^^  B^pcos^l'^  ■ C^P  (Q-28) 

where 

A,p  « + «(j,  ♦ «pi)  - b,co»(^,  + «tp,) 

B^p  « SQ^sin(^l  ♦ IqI  + «p^ ) b^sln(j9^  + *P1^ 

°1F  • ^ai 

Equation  (0-28)  la  solved  for  In  the  now  ouatomary  Banner; 


i 

I 


®1P  ^ ''IP 

The  appropriate  sign  Is  again  found  from  geometrlo  considerations. 


'^1 


2 tan 


-1 


MP 


♦ - C 


IP 


(0-29) 


0-15 


,,v. 


-„  


Implicit  differentiation  of  equation  (Q-28)  with  respect 
« 

to  time  gives,  for  *, 


a ^ 


*'[■ 


Tj'Jooa^^  - B^pSln^^'^ 


where 


^IFD  ■ * <Q1  * “pi) 


®1PD  " <at  ^ "P1.^ 


IV.  BtLATIVE  VELOCIt:  7j,  , AT  COWAOT  POINT  tlffilNQ  ROnUD 

F 


ON  FLAT  PHASE  OF  MOTION 


For  the  round  on  flat  phase,  the  relative  velocity  V 


S1/T1, 


may  be  expressed  by 


'ai/TI, 


^Sl/0, 


^Tl/0. 


(0-31) 


Now,  this  velocity  has  the  direction  of  the  unit  vector  > Ip| • 
Since  there  Is  no  velocity  component  along  the  pinion  flank, 
equation  (Q-31)  becomos 


^S1/T1.  “ ^31/0,  * “Pl 


|[*1*  <“01,^5, 


• 'ai*i)Fid  ’ *ri 


! *ri 


(3-32) 


Appropriate  substitution  of  unit  vectors  furnishes 


^Sl/Tlp  “ ^1  [*01  “ "pi  " ^1  ” *Qi)  - Pgj]  K; 


ri 

(0-33) 


0-17 


1 


I 'I 


f 


I.  'jl  I ^ _ 'tfii’AtJ* 'iiL*  ('■->  wiU*.  ..ilKm . . .ii.-.  t ■<** .’  ' 


• >!•!  ■«)<,. .»-i  <_  «iTi 


■ 1*A^I  L ; <m  ,11  '/  I r.'l  'ii^l'lUiL’  ii 


V.  DETERMINATION  OF  TRANSITION  ANGLES 


The  transition  angle,,^^ ^ ,and  the  correapondlng  angla, 
are  reached  when  the  round  or  round  phase  is  followed  by  the 
round  on  flat  one.  They  are  obtained  by  letting  g^  ^ 
the  component  equations  (0-23)  and  (0-2(>)*  This  gives 


ag,eos(^lj  + jg^)  - Pg^sln('>,^  - «p^)  - b^cos/j^  - fp^cos(/-,^  - «pP 

e 0 (Q-54) 

and 


ag,ain(^,^  *01  ^ * Pg,ooe(^,.j  “ “pi^  “ - <»p,) 

» 0 (Q-55) 


From  the  above,,  one  obtains 


coa(^^^  + ig^) 


*01 


[at' 


ilnCV'^^  ” “pP  + b^cos/},  + fp^ooe(\#',j  - a 

(Q-36) 


1 r 

sin(^,^  *01^  " "'’q1°°b^'^1T  “ ®P1^  * b^slrJ?,  + fp,sln(^ 


•qi*— 


IT 


(a-37) 


0-18 


44p>-'.  »-.i  sK^-. 


The  angle  la  now  obtained  by  letting 
This  leaults  in 

A|  ipBlJH^'^  ij,  + ipOoa^l'iqi  ■ ^IT  (Q“38) 

“pi^  ■*■  fp^aln()8^  + ) 

-pQ^Blni^y  “P1^  ■*■  t^^cooip^  + «P^) 

«2  2 v2  fZ 

®Q1  “ '’01  " ^1  " 'P1 


where 

^IT  “ 
»1T  * 

^1T  ® 


Finally , 


IT 


2 tan 


-1 


MT 


w 


.2  . „2  _ .2 

A,T  * “it  ^1T 


B,T  " 


(a-39) 


The  appropriate  algn  muat  bo  found  from  geometric  oonalderatlona* 
The  aaaoolatad  angle  may  be  found  with  the  help  of  either 
equation  (0-36)  or  equation  (0-37) » 


0-19 


+ = cos 


-1 


Pg,ein(^,^  - «p^)  + fpiCos(f,,j,  - «p, ) + b^cos^s, 

*Q1 


- 6 


Q1 


(Q-40) 


or 


a sin“ 


-1  I **  “P1^  " “P1^  ■*■ 


‘Q1 


*Q1 


(Q~4D 


VI*  SENSING  EftUATION  FOR  THE  DETERMINATION  OF  CONTACT  ON  SUBSEflUENT 

TOOTH  MESH 

i 

I 

Ths  following  contact  sensing  equation  Is  derived  with  the 
assumption  that  subsequent  contact  Is  made  In  the  round  on  round 
phase  of  the  motion,  In  the  manner  shown  in  Section  VI  of 
Appendix  E.  Now,  the  configuration  is  that  of  Figure  Q-?.  where 
gear  no.  1 rotates  in  a clockwise  direction. 

Before  contact  is  made,  the  distance  between  the  centers 
of  curvature  and  Cp^  is  given  by 

i;'  0-20 


•Mr/MW 


(0-42) 


If  and  repraaent  tha  tooth  apaolng  aoglaa  of  gaar  no,  1 
and  pinion  no.  a,  raapectivaly,  tha  assooiatad  loop  aquation 
baoouaa  (aaa  Flguraa  E-3  and  Q-2). 


(0-43) 


whara 


■ angla  of  pinion  no.  2 aa  datarminad  fox*  tha  round  on 
flat  moda  with  aquation  (Q-29) 


Tha  magnitudaa  of  L^,  and  ara  dataraln.d  fron  tha  oomponant 
form  of  aquation  (Q-43),  l.a,, 


• »,<■»•«,  ♦ «p,00.(.,  . ^ 

and  (0-44) 


2.  KINEMATICS  OF  MESH  NO.  2 (QEAR  NO.  2 AND  PINION  KO, 


ROUND  ON  ROUND  PHASE  OF  MOTIO 


Figure  Q-if  gives  a schematic  representation  of  the  round 
on  round  phase  of  the  motion.  Only  the  contacting  faces  of  the 
gear  and  the  pinion  are  shown.  It  is  to  be  noted  that  the  Input 
gear  rotates  in  the  counter-clockwise  direction,  and  that  the 
output  angle  of  mesh  no.  1 is  identical  to  the  input  angle 
of  mesh  no.  2. 


I . UNIT  VECTORS 


The  unit  vector  in  the  direction  of  gear  is  given  by 


008(^2  “ * eln(02  * 


(Q-47) 


The  unit  vector  in  the  direction  Siven  by 


Hvp  « ooex-I  + slnApJ 


(Q-48) 


Q-23 


After  substitution  of  the  unit  vector,  as  given  earlier,  one 


obtains  the  following  component  equations 

J>p2)  - 'bgcos/sg 

(O' 

apg)  - bgSinjSg 

(Q 

To  solve  for  the  output  angle  terms  of  the  input  angle 

substitute  the  expresoions  for  sinA2  ^md  oosa^,  as  obtained 
from  the  component  equations  (Q-54)  and  (0-55)*  Into 

sin^A2  « 1 (0 

This  leads  to 

A2pSin^2  * ‘ '^ap 


a^gOosC^g  ” 8q2^  L2°®"^2  " “ 

and 

SQ2®^n(^2  — ®Q2^  ^ LgSinAg  — SpgSinCi^g  — 


Q-26 


where 


B 


^aR  " 

bgSinC/jg  + Bpg)  “ 

aQ2«in(^ 

‘aR  “ 

b^coBip^  4 Upg)  - 

ag2Coa(^ 

t2  w2  a 

2 

‘aR  ■•“ 

^2  “ ^2  " ^Q2 

- *P2  " 

2*p2 


Equation  (0-^7)  la  then  solved  for  manner  dlaouaaed 

In  Appendix  E 


* 


a 


a tan"^ 


®aR  ®3R 


(Q-58) 


The  oorreot  algn  must  again  be  determined  from  geometric  conalderationa 
The  angle  may  now  be  determined  either  from  equation  (Q-54) 
or  equation  (Q-55) 


a coa 


b^ooa^g  ” *pa^  ” *02®°®(^2  “ *q2^ 


or 


(G-59) 


Ag  ■ aln 


•p2*i”(*2  - »P2>  - - *02) 


0-27 


(Q-60) 


Implicit  differentiation  of  equation  (Q-57)  with  respect 
to  time  leads  to 


Bin  ^2  ' 


« 


where 

^2RD  ■ - «Q2  ■*■  *P2^ 

®2RD  ■ «Q2«^”<^2  - «Q2  ^ ‘pg) 

" «nS  - |9o) 


,r|3i 


The  relative  velocity  Vgg^,j,2  • point  S2  on  gea^  no.  2 
With  respect  to  point  T2  on  pinion  no.  3 has  the  direction  of 
the  unit  vector  ^^^2*  manner  of  equation  (0-20) 

^S2/T2p  * j [*2^  **  ^•Q2“a2  * ^02^X2^]  * ”nx2 


- X (*p2»p2  * '*P2"xaO  * ”nx2  I 


Substitution  of  unit  vectors  yields 


'S2/T2, 


|^2l»Q2®®*<^2  “ »a2  ’ ^2^  '’02] 


b.  ROUND  ON  FLAT  PHASE  OF  MOTION 


Figure  shows  a schematic  view  of  mash  noi  2 in  ths 
round  on  flat  phase  of  the  motion.  Again,  only  the  contacting 
sides  of  the  gear  teeth  are  Indicated. 

I.  UNIT  VECTORS 

The  unit  vector  in  the  direction  along  the  flank  of 

pinion  no.  3i  Is  given  by 

np2  ■ oos(\<’2  + «p2)i  (0-64) 

The  unit  vector  Rfjpg*  direction  SgCgg*  is  normal  to 

in  the  right  hand  sense 

^NF2  " " "inUg  * * “pg)!  (Q-65) 


Q-30 


1 1 • determination  of  output  ANQLE  *2  DISTANCE 


The  vector  equation  for  the  mechanism  loop  02“^a2’’®2"'^2*‘®5 
has  the  form 


®Q2”q2  “ '*Q2^NF2  " ®2”f?  ” ^2^/?2  “ ® 


(G-66) 


Appropriate  substitutions  for  the  unit  vectors  furnish  the 
following  component  equations 

a^j00s(^2  - «a2>  ♦ 'a2“i''<'^2  * "P2>  ' *>2'=»“'’2  ‘ * -pz) 

s 0 (Q-67) 

and 

aQgSin(^2  " «g2^  ~ '*02®°®^ ^^2  * “p2^  " "P2^ 

= 0 (0-68) 

From  equation  (Q-68)  one  obtains  the  following  expression  for 


S2  = 


®Q2®i»(^2  ~ »Q2^  “ Pq2®®®^'^2  * "P2^  " ^2®^^^2 
sin(\f2  + «p2^ 


(0-69) 


0-52 





This  expression  is  now  substituted  into  equation  (Q-6?),  and 
one  obtains  the  following: 


A2pSin^2  “ ^2F  (G-70) 

where 

“ *Ga°°®^^2  " ®Q2  ' “pa^  " b2COs(^2  ” “P2^ 

®2F  “ " " *Q2  ” “P2^  * b^alnCfi^  - «p2) 

°2F  ' “ '’Q2 


Equation  (Q-70)  is  solved  in  the  customary  manner; 


tan 


-1  *2F 


w 


^If  * 


B 


’2F  ^2F 


B 


'2F 


'2F 


(Q-71) 


The  appropriate  sign  is  again  found  from  geometric  considerations. 
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ni_.._PETERMINATION  OF  ANGULAR  VELOCITY  L DURING  ROUND  ON  FLAT 

PHASE  OF  MOTION 


Implicit  differentiation  of  equation  (Q-70)  with  respect 
to  time  gives  the  following  expression  for 


f 


^ L A2f®os»^2  " 


®2PD®®®'*'2 

BgpSin^g  _ 


where 

^2FD  " " *G2  " "P2^ 

^2FD  * “ ^Q2  **  “P2^ 


(Q-72) 


IV.  RELATIVE  VELOCITY  AT  CONTACT  POINT  DURING  ROUND 

F 

ON  FLAT  PHASE  OF  MOTION 


Again, 

comj)onent  of 
Thus, 


the  relative  velocity  V 


S2/T2, 


consists  only  of  that 


Vg2/o  directed  along  the  pinion  flank. 
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(Q-73) 


^S2/T2p  [ ^S2/02  • "fs]  “F2 

= I [ ^2^  * ^“02^02  " '’Q2“nF2^^  * "f2  | "F2 

Appropriate  aubatltutlon  of  unit  veotora  glvea 

^S2/T2p  “ ^2  [*Q2*^“^'^2  ■*■  “P2  " ^2  * *Q2^  * '’02]  *^F2 

(Q-74> 


V.  ■ PETtaggNATION  OF  TRANfllTIOW  ANaLBS 


The  tranaltlon  angle  ^27  angle  ^2f>  which  oorreapond 

to  the  tranaition  from  the  round  on  round  to  the  round  on  flat 
phaae  of  motion,  are  obtained  by  letting  a fp2  in  the 
component  equationa  (Q-67)  and  (Q-68).  From  thia  one  finda  the 
following  with  ^2  “ '^2<r  »«<*  *2.  “ '*'2T* 

coe(^2T  “ *Q2^  * F '’q2*^"^*2T  “P2^  b2C08i32  + fp2°°*^^2T  * “P2^ 

»Q2*“ 


(Q-75) 
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{ 


and 


f'l 


" iqs) 


1 

^J2 


"P2^  * ^2®^”^2  * ^P2®^'‘^'^2T  '*’ 

(Q-76) 


The  angle  found  by  substituting  the  above  expressions 

Into 


! '4 


\ ’ 
!i.  ' 

li 


I" 


U '■ 

S' : 


Bln2(02T  - «Q2^  ^ oos2(^2T  ‘ <Q2^  “ ’ 


This  results  In 


^2T®^*''^2T  ^ ®2T®®*'**2T 


• C 


'2T 


(0-77) 


(0-78) 


where 


Finally,  in  the  usual  way 


®2T  * ^2T 


Again,  the  sign  must  be  decided  from  geometric  considerations 
The  associated  angle  may  be  found  with  the  help  of 
either  equation  (Q-75)  or  equation  (Q-76),  l.e,, 


» 000 


-1  bgOos/?g  fpgCOB(^tg^  + ,,p^)  ' 


Pq2COs(i(^2t  "p^)  + * fp2Sin(^ 


VI.  SEMSINQ  EQUATION  FOR  THE  DETERMINATION  OF  CONTACT  ON 

SUBSEQUENT  TOOTH  MESH 


The  contact  sensing  equation  for  meah  no.  2 is  derived 
similarly  to  that  for  mesh  no*  1 before  contact  Is  made  in  the 
round  on  round  mode.  The  distance  between  the  centers  of 
curvature  *nd  Cp2  is  given  by 

°Q2°P2  " * ^2^  (Q-82) 

If  and  represent  the  tooth  spacing  angles  of  gear  no,  2 
and  pinion  no,  3 respectively,  the  associated  loop  equation 
becomes  (see  Figures  E-3  and  Q-4) 

®G2  " *^*2  “ *02^^  "*■  “ “^^2  " *Q2^ * ^2^  * ^y2^ 

- ap^jcosCf^  + ‘i\^2  * *P2^^  * 8in(f2  + ‘^'''2  *•  «P2^^] 

+ ] a 0 (Q-83) 


.'.ote  that 
while  A ^2 


for  mesh  no.  2 
is  positive. 


, the  angu  ar  increment  is  negative 
Further,  as  before,  the  angle  must  be 

Q-58 


'i’t 

J Uilil  a 1 J 'k 


determined  for  the  round  on  flat  phase  of  the  motion. 


The  magnitudes  of  and  Ly2  determined  from  the 
components  of  equation  (Q-83)»  i.e. . 

while 

Ly2  = + ap2ain(f2  + ^^2  “ *P2^  " ®Q2®^”^^2  “ ^’*‘Z  “ 


Contact  will  occur  as  soon  as 


V4  ♦ 


^ '’Q2  ''P2 


0-39 


(Q-84) 

*02^ 

(Q-85) 

(0-86) 


3.  KINEMATICS  OF  MESH  NO.  3 CQEAR  NO.  3 AND  PINION  NO.  k) 


Since  mesh  no.  3 is  kinematically  equivalent  to  mesh  no,  1, 
the  kinematic  equations  for  mesh  no.  3 may  be  obtained  from  those 
for  mesh  no.  1.  The  angle  must  replace  the  angle  and  the 
center  distance  b^  is  used  instead  of  b^ . All  parameters  of 
gear  no.  1 are  replaced  by  those  of  gear  no.  3 snd  the  pinion 
parameters  of  pinion  no.  4 are  substituted  for  those  of  pinion  no.  2. 

It  is  to  be  noted  that  the  input  angle  0^  5 

identical  to  the  output  angle  0^  mesh  no.  2. 

a.  ROUND  ON  ROUND  PHASE  OF  MOTION 


The  ouput  angle  0^  is  obtained  with  the  help  of  equation  (0-12) 


0 


3 


2 tan"’ 


(Q-87) 


where 


‘5R 


^Qjaid(0^  8qj  “ *■  bjSin(//j  - 


Q-40 


,m  .1 . , > , ' , 1 \ 


+ 8q3  - 8pj)  - b3Coa(^3  - 8^3) 

_ *P5  ^ + b|  - Lj  - 2aQ3b3COs(«3  + - 33  ) 


Lj  » pQ3  + Pp3 


(Q-88) 


angle  A3  may  be  found  with  the  help  of  equation  (Q-13)  or 


equation  (Q-14) 


b30os^3  + ap3Coa(i/'3  ^ ®p3^  " *23000(^3  + 8Q3J 

5 T 


(Q-89) 


A3  s ain 


-1  ® 


P38in((^3  + 8P3)  - aQjain(^3 


IV] 


4 

The  angular  velocity  ^^3  la  obtained  from  equation  (Q-)^) 


(Q-90) 


^3  M 


; r®3RD®®“'^3 


- *jrd*1“'^3  * "3BD 


0081^3  - B3p8in^3 


(Q-91) 


: ’ wi'i;  AV' W il  iij  J I h*l l ^ L i'll  W 1 » 


where 


“ aQ^coa(^^  + - 8pj) 


®3RD  * aQ38in(^2  + 8qj  - 8p^) 


11 


'3RD 


^G3^3^1^(^  ^ ^Q3  “ ^3^ 
*P3 


The  relative  velocity  V 


S3/T3t 


becomes, according  to  Equation  (Q-21), 


^ gi  «*  <*  ® 


'S3/T3r 


I ^3h3®°®^^3  ^ *Q3  " ^3^  " '‘03] 

- ^3[«p30os('^3  + »p3  - ^3)  “ '’P3]  |»k\3 


(Q-93) 


where,  according  to  equation  (Q-3)» 


Hj^^3  ■ - sinAjl  + cosx^J 


(0-93) 


Q“42 


,(^alikUn?.-3tii£KwiU^WsLiJVA-,v\i. 


bj HOUND  ON  FLAT  PHASE  OF  MOTION 


The  output  anglo 

♦3  = a tan-'  ^ 


is  obtained  from  equation  ( :-20) 


± V^3F  " ■ °3F 

B3F  C3F 


(Q-94) 


where 


Ajp  * aQ^oos(^2  + + "p^)  “ bjOoa(,^j  + “p,^) 

Bjp  « " aQ^ain(^2  + 8q^  + "P3^  * b^ain(^^  + "pj) 

=jr  " 'aj 


The  distance  becomee,  «»ccordlng  to  equation  (Q-2?)  1 


Si 


ag2ain(«/>j  8gj)  + />gjCoo(^j  - np^)  - b,  ain/?^ 

8in(fj  - «p^) 


(Q-95) 
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The  angular  velocity  for  the  round  on  flat  phase  of 
the  motion  is  found  from  equation  (Q-30) 


] 


(Q-96) 


where 


B 


>3FD  “ 

»Q3»i”(^3  ♦ *03  * 

«P3> 

•mmp 

‘3FD  ■ 

«03co.(*3  - Sgj  + 

«P3> 

The  relative  velocity  for  the  round  on  flat  phase 

F 

comes  from  equation  (Q-33) 


's3/T3p  “ '^3  “ “P3  ’ ’^3  " *Q3^  ” '’03]  "f3 


where 


(Q-97) 


rTj,^  = cos(^j  - “pj)!  + Bin(^^  - “pj)! 


(Q-98) 


according  to  equation  (Q-22), 


<3-44 


The  transition  angle  is  obtained  by  way  of  equation  (G-39) 


= 2 tan 


-1  ^3T 


d. 


.2  ^2.  «2 

hn  ^ ®3T  " ^3T 


+ C^m 

3T  3T 


(G-99) 


where 


A^ip  ® Pq3Co®(/^3  **^p3^ 


B 


3T 


- + «p3>  + fp^cos(/?j  + «p^) 


'3T 


*Q3 


„2  u2 

''03  *’3 

2 b. 


- f 


P3 


The  associated  angle  <i>^^  may  be  obtained  from  equation  (0-40) 
or  from  equation  (Q-41) 


^3.p  a COS 


-1 


"Pgjsin(^i'^j  - «p^>  + fp3Coa('''3-r  - “P3)  + 


- 8 


‘03 


03 


(G-lOO) 


or 


a sin 


-1 


- pQ^cos(  «p^)  + fp^sin(i^2^  - «pj)  + b^sin/?j 


- 8 


^G3 


03 


(Q-lOl) 


0-45 


Finally,  the  contact  sensing  equation  la  based  on  equations 
(Q-44)  - (q-46).  Contact  will  occur,  when 

^ '03  * 'P3 

where  with  the  tooth  spacing  angles  and 

^x3  ’ bjOos/3^  + apjCoa(i^j  - + *p3)  “ * ^^3  *Q3^ 

(Q-103) 

and 

Lyj  = b^sin/jj  + apjSinCi^'j  - + ip^)  - ag^sin(^^  + a^j  + 8^^) 

(Q-104) 
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APPENDIX  H 


MOMENT  INPUT-OUTPUT  RELATIONSHIPS  FOR  TWO  AND  THREE  STEP-UP 
GEAR  TRAINS  WITH  TEETH  OPERATING  IN  A SPIN  ENVIRONMENT 


The  following  gives  the  derivations  for  the  moment  input- 
output  relationships  of  two  and  three  step-up  gear  trains  which 
operate  in  a spin  environment » 

Figure  Q-1  of  Appendix  Q shows  the  basic  configuration  of 
a three  step-up  gear  train.  The  input  momeni;  which  acts 

on  gear  no.  I,  is  held  in  equilibrium  by  the  moment, which 
acta  on  pinion  no.  If. 

Since  in  all  three  meshes  there  may  either  be  round  on  round 
or  round  on  flat  type  of  contact,  the  foroe  and  moment  analyses 
must  account  for  various  contact  combinations.  Table  H-1 
shows  the  eight  different  phase  combinations  which  may  occur  in 
a three  step-up  gear  train,  and  for  which  input-output  relationships 
must  be  found.  The  two  step-up  gear  train,  which  is  shown  in 
Figure  A-10  of  Appendix  A for  involute  gearing,  does  not  contain 
pinion  4 and  gear  no.  Here,  the  input  moment  which  acts 

on  gear  no.  1,  is  held  in  equilibrium  by  moment  which  acts 


on  pinion  no.  3* 


i 


Case  no. 

1 

Mesh  No.  3 

(Gear  3 
Pinion  Ik) 

Mesh  No.  2 

(Gear  2 & 
Pinion  3) 

Mesh  No.  1 

(Gear  I 8< 
Pinion  2) 

1 

R 

R 

R 

2 R R 


TABLE  H-1 

POSSIBLE  COMBINATIONS  OF  PHASES  FOR  THREE  STEP-UP  GEAR  TRAIN  AS 
SHOWN  IN  FIGURE  Q-1 
R s Round  on  Round 
F B Round  on  Flat 


Whan  oflival  teeth  are  Involved,  there  are  four  possible 
phase  combinations  of  the  two  remaining  meshes.  These  are  shown 
in  Table  H-2,  Again  input-output  relationships  must  be  obtained 
for  each  of  them. 


1 

a 


Case  No. 

Mesh  No.  2 

(Gear  2 & 
Pinion  3) 

Mesh  .Jo.  1 

(Gear  1 & 
Pinion  2) 

•I 

k 

1 

1 

1 

R 

s 

) 

2 

R 

F 

3 

F 

F 

1 

4 

F 

R 

^ 1 

\1 

TABLE  H-2 

I 

POSSIBLE  COMBINATIONS  OF  PHASES  FOR  TWO  STEP-UP  GEAR  TRAIN  AS  ^ 

SHOWN  IN  FIGURE  A- 10  | 

R s Round  on  Round  -j 

F a Round  on  Flat  1 


Th«  unit  vaotors,  roaohanlam  anglas  and  klntmatlo  tarma  j 

neoaasary  for  the  following  analyaea  were  derived  In  Appendix  Qt 
(See  eleo  Appendix  D for  a deaorlptlon  of  the  geometry  of  ogival 
teeth.)  Certain  terms  used  In  oonneotlon  with  meah  no.  3 nay 
be  obtained  from  expressions  derived  for  mesh  no.  1 In  Appendix  0 
by  the  replacement  of  the  appropriate  aubsorlpt  numbera,  since 
the  kinematics  of  these  meshes  are  Identical.  The  following 
additional  nomenclature  la  used: 


H-3 


n diatanc*  from  spin  axis  C to  pivot  points  0^  of  individual 
gears.  (1  a 1,  2,  3,  4 as  appllcalbe) 

= angle  of  lines  with  respect  to  the  body-fixed  X-axls 

w s spin  velocity  of  fuze  body 

a mass  of  various  gears,  pinions  and  gear-pinion  combinaUons 

Ql  ® force  acting  on  Individual  gear 

components.  (Now  called  to  differentiate  it  from  the 
pinion  contact  point  T^.) 

a pivot  radius 

a radius  of  curvature  of  pinion  tooth  (ogival) 

« radius  of  curvature  of  gear  tooth  (ogival) 

li  a coefficient  of  friction  at  pivots  as  well  as  at  contact 
point  between  gears  and  pinions 

The  pivot  friction  moments  are  obtained  according  to 

equation  (A-3h)  of  Appendix  A.  They  always  oppose  motion  regardless 

of  the  assumption  of  direction  of  the  pivot  reactions  and  Fy^. 

To  this  end  tho  pivot  forces  F^^^  and  ?y^,  which  represent  the  sums 
of  the  absolute  values  of  their  component  parts,  are  added 


H-4 


algebr&loally.  The  algebraic  addition  of  such  modified  reactions 
provides  a conservative,  i.e.»a  somewhat  overstated  friction 
moment. 


The  directions  of  the  friction  forces  of  the  gears  on  the 
pinions  are  always  those  of  the  relative  velocities  where 

points  and  are  located  at  the  contact  points  of  the  gears 
and  pinions, respectively.  This  allows  the  Introduction  of  a 
slgnum  convention*  For  the  round  on  round  phases, 


*1R 


'Sl/Tlj 

Wti, 


(H-l) 


For  the  round  on  flat  phase,  the  convention  becomes 


Bj  « B 

IF 


WTlj 

^Si/Tl, 


(H-2) 


The  expressions  for  the  above  relative  velocities,  which  are 
different  for  round  on  round  and  for  round  on  flat,  ore  given 
in  Appendix  0. 
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1 . INPUT-OUTPUT  ANALYSIS  OF  THRSI  OT8P-UP  dMR  TRAIN 


>.  CASS  NO,  1;  RRR 

ir 9i  ‘i 

Flgurt  H-1  «ho««  ft  ftohftafttlo  frftft  body  dlftgraft  of  pinion  no.  4 
in  thft  round  on  round  mod*  of  oontftot.  Tho  ftqulvftlftnt  four-bftr 
llnkftgft  ft«fto?lrtftd  with  aftih  no*  3 1*  ftlfto  Indiofttftd.  The  pinion 
Is  ftotftd  upon  'V  th«  tqulllbrftnt  momtnt  ^o4  In  thft  dlrftotlon 
oppoftltft  to  itft  Qountftrolookwlftft  rotfttlon*  Thft  oontftot  foroft 
of  gftftr  no.  3 on  thft  pinion  glvon  by 

T34  ■ ^54® a3 

Thft  ftftftoolfttftd  friction  forot  ftxortftd  by  tho  gftftr  on  thft  pinion 

hftft  thft  dlrftotlon  of  th«  rolfttlvft  vftloolty  1 ft*  given  by 

R 

equation  (Q-92).  With  th*  uae  of  th«  algnum  convention  of  aquation  (H-1) 
the  friction  foroe  V^^^bftooaea 

^f34  “ ^■3R^5Aa3 
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A. 


The  centrlfug&l  force,  due  to  the  pinion  mass,  lo  given  by 


(H-5) 


where 


Force  equilibrium  is  given  by 


*'34"i3  * '“3h''3Aa3  * *'x4^  * “W  ' * \ 


Moment  equilibrium  requires  the  following^ 


"Mq4^  - + Fy^^)it  + (*p3np3  - x + ^■3RF3t^Hj^;^3) 

■ 0 (H-8) 


Equation  (H-7)  furnishes  the  following  component  equations: 


F3^cosa3  - M .3„rj^aln*3  ♦ ♦ .F^^  ♦ \'>omy^  . 0 


eni'iiau 


The  scalar  form  of  the  moment  equation  baeonea 


-M„4  - ♦ ?,4)  - f34{»P3[“"<*3  * *P3  ‘ *3>  " '‘•3B°°‘'*3  * *P3  ' 

* '**5H^P5j  “ ® 

Simultaneoua  eolutlon  of  equatlona  (H-9)  •nd  (H-10)  for  and 
’^yif 

P,4[.C,H  - - ('  * P^3P>°°‘*J  - 

'x4  1 + 

(H-12) 

and 


y4 


^ M^a 


SB. 


)aini^  ♦ - DooalJ  ♦ \ - Mooer^) 

Z 


1 ♦ 


(H-13> 


The  sum  + Fy^^  of  equation  (H-U)  ia  now  made  up  of  equatlona 
(H-12)  and  (H-15)  in  the  aenae  of  equation  (A-3b>  of  Appendix  A 


^4  " ^y4  - Vl  ^ '*34^2  * V3  " *’34\ 


(H-14) 
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II.  FORCE  AND  MOMENT  EQUILIBRIA  OF  GEAR  AND  PINION  SET  NO,  3 


Figure  H-2  gives  a schematic  free  body  diagram  of  the  gear  and  pin' 
ion  combination  no.  3.  Mash  no.  2.  is  also  indicated  to  obtain  the 
directions  of  the  forces  of  gear  no.  2 on  pinion  no.  3.  The 
forces  of  pinion  no.  4 on  gear  no*  3 sre  opposite  to  those 
given  by  equations  (H-3)  snd  (H-4>  respectively.  Thus,  the 
contact  force  becomes 


^34"a3 


(H  -20) 


The  friction  force  of  pinion  no.  4 on  gear  no.  3 becomes) 


^f43  “ “ ^f34  " " '*®3R^34^Na3 


(H-21) 


The  contact  force  of  gear  no.  2 on  pinion  no.  3 is  given  by 


^23  “ ^23"x2 


(H-22) 


while  the  associated  friction  force  of  gear  no.  2 on  pinion  no.  3 
becomes 


H-n 


(H-23) 


^f23  “ '*®2R^23"n\2 

The  pivot  reactions  and  Fy^  as  well  as  the  associated  friction 
forces  are  drawn  in  a separate  diagram  in  Figure  H-2.  As  was 
the  case  earlier,  the  friction  moment  due  to  the  friction  forces 
again  opposes  rotation. 

The  centrifugal  force,  due  to  the  mass  of  the  combined 
gear  and  pinion  no.  3i  is  given  by 

a Qj(cosy^I  siny^J) 

where 

The  force  equilibrium  of  the  combination  is  given  by 

*■  ^23"a2  * ^®2R^23®Na2  ^x3^  '*^y3^ 

+ FyjJ  - mF^jJ  + Qj  * 0 (H-26) 


(H-24) 


(H-25) 
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The  moment  equation  Is  given  hy 


^ tQ3”Q3  * '’q3”a31  * ["^34^a3  “ '‘®3R^3A\3] 

+ [apgHpg  - Pps^xa]  * [^23” A2  '‘®2R^23’^Na2]  ® ° (H-27) 

Equation  (H-26)  gives  the  following  component  expressions: 


-Fjj^cosAj  + uajpFji^ainx^  + Q^cosy^  ♦ + MFy^  + Fg^cosAg 


- ^®2R^23®^'^^2  = 0 


(H-28) 


and 


-Fj^sinA^  - jtSjpFj^ooBXj  + Q^sinr^  + Fyj  - mFj^^  + PgjSinAg 

+ f*®2R^23®°®^2  “ ® (H-29> 

The  scalar  form  of  the  moment  equation  (H-2?)  becomes 

'‘'’3^^x3  ^y3^  “ '‘®3R'’ 03^34  “ '*®2P'’P2^23  ®Q5^34C“^"^^3  '^*03" 

- PSjpCOsC.^^  + 8q3  - ^3)]  ^ «p2F23[-®i«('^2  “ «P2  ‘ ^2^ 

+ /*S2pCoa( V'2  “ *p2  ” ^2.)3  “ ® (H-30) 

H-t4 


Slnult«n«ous  solution  of  equntiona  (H-a8)  «nd  (H-89) 
pivot  reactions  »„d 


TV  KC<'  - 


for  the 


- M 83^)008X3  - M(1  + 83j,)8lnA3]  + 

^23^^^  - n - '*Sr)co8A2]  + 

Q3[Main?3  - ooBy3j| 


1 + 1^34^’  * '*  *3R^®^”‘^3  m(1  + 83r)co8A3]  + 

^23D"‘Sr  - OsinA2  - M(1  ♦ 82j,)co8A2]  - 

«3[sinvj  ♦ .coavj]  | 

Th.  ,u«  F^^  + „f  equation  (H-30)  1,  now  made  up  of  equations 
(H-31)  and  (H-32)  in  the  sense  of  equation  (A-5b)' 


H-33 


H-36 


H-37 


H-38 


H-39 


Equation  (H-35)  is  now  aubatitutad  into  aquation  (H-30)  and  the 
resulting  expression  ia  solved  for  the  contact  force  Thus, 


'“'3^*5  * ■ '“SR'aS  * •o3L*^"<*3  * 

- »‘»3Reo.(*j  ♦ igj  . 

'*^3^^7  * *10^ 

'■''3<*6  * *9>  - '‘•2R'P2  ♦ •patW”*''* 


Flgur*  H-3  glvta  th«  fr«*  body  dlAgrAiB  of  th«  g«ar  and  pinion 
combination  no.  2»  In  addltloni  mesh  no.  1 !•  Indloatod  to  obtain 


tha  dlraotlona  of  tha  foroas  of  gaar  no.  1 on  pinion  no.  2. 

Tha  foroaa  of  pinion  no.  3 on  g**r  no.  2 hava  dlraotlona 
oppoalta  to  thoaa  glvan  by  aquation  (H-22)  and  (R-23)  raapaotlvaly. 
Thua,  tha  normal  foroa  la  glvan  by 


**32  ■ " *'23*^^  2 


(H-40 


Tha  frlotlon  foroa  of  pinion  no*  3 on  gaar  no.  2 baoonaa 


Ff32  ■ - 


(H-42) 


Tha  oontaot  foroa  of  gaar  no.  \ on  pinion  no*  2 la  glvan  by 


^12  ■ ^12“ai 


(H-43) 


whlla  tha  aaaoclatad  frlotlon  foroa  of  gaar  no.  1 on  pinion  no.  2 
baoomaa 


H-18 


FIGimE  H-3 

FREE  BODY  DIAGRAM  OF  GEAR  fw  PINION  NO.  2 
MESH  NO.  2;  ROUND  ON  ROUND 
MESH  NO.  1:  ROUND  ON  ROUND 

H-19 


(H-44) 


The  pivot  reaotionei  of  the  fute  body  on  the  pivot  aheft,  together 
with  the  pivot  friction  foroee,  are  shown  In  a aeparate  diagram 
In  Figure  H>3*  The  centrifugal  force,  due  to  the  aaaa  of  gear 
and  pinion  asseably  no.  2,  la  given  by 


^2  * alny£j) 

(H-43) 

where 

«2  ■ 

(H-46) 

Foroe  equllibrlua  la  aaaured  by 
“^23®  A2  “ '‘•2R^23“na2 


^ ^2“xl  ^ ^■lR^l2^xl  ^ ^2 


H-20 


Th«  aORlAr  form  of  th«  momant  aquation  (H-4B)  baoomaa 


♦ Fyg) 

“ '‘■2R'’0a''25  * 
’ '‘■ir'’P1*’12  ■ 


♦ •oa''23[‘^"<*2  ■ *«  • *2>  ■ '‘•2r“*'*2  ■ *02  ’ 

•pl''t2[-“-"<*l  * *P1  - *1>  * * *pt  - 

0 (H-51) 


SimuXtanaoua  aolutlon  of  aquatloaa  (R*49)  and  (H-90)  for  Fj^2 
and  Fy2  l«*da  to 

'x2  ■ 7^  - '('a  ■ O-lPXj] 

*’iaE<*1R  " Otinx,  - O + 

» Sj  [-ocYa  - (g.5j, 

and 


1 

1 ♦ 

+ 

+ 


|*'23B'  * M^«2p)»lnX2  - m(1  - ■2p)ooaX23 

F|2E  Cl-  i;^j)ooaxj^-  (1  f*^i,p)ainA,] 
Q2  tooav2  - ■lnv2]  | 


(H-53) 


The  sum  of  end  ?ya  Of  equation  (H-90  is  now  made  up  of 
equations  (H-^2)  and  (H-^3)  in  the  sense  of  equation  (A-3b)  of 
Appendix  A 


^x2  * ^y2  " ^23^11  ^12^12  ^ ^2^13  * *'23^14  *‘12^1 


^2^16 


(H-5 


where 


h\  “ 


(1  + M‘^Sa«)eosi-  - m(Sjb  - 1)stnA. 


1 + 


(H-5 


A, 2 ■ 


m(s,d  - 1)«iaA,  - 0 + >**s,p)eosA, 


(H-5 


ooev 


^13  " 


2 " >*»in>'j 


1 ♦ r 


(H-5 


A, 4 « 


(1  ♦ /*^S2p)sinA£  - M(t  - S2p)oosAg 


1 4- 


^15  " 


m(1  - s.„)oosA.  - (1  + M^s.«)einA- 


1 ♦ 


(H-5 


H-23 


6 


1 ♦ M 


I 


Equation  (H-?4)  la  now  aubatltuted  Into  tha  momant  aquation 
Tha  raaultlng  axpraaaion  la  than  aolvad  for  tha  contact  foroa 


°8 


whara 

®«  • ■ *Ga  ■ ‘a’  ' " *02  ' ‘2O 

- '■'gtA,,  + A, 4)  - 
O7  ■ * ^16^ 

Cg  ■ - jap,  [aln(ifr^  *P1  " * Ma^pCoa(f^  8p,  - a,)] 

* '■'■jCAij  + A, 5)  ♦ 


R-24 


« 


piff  I I I I I I I I llW  I HIMM  I Ifilwl  I ■ I rmi 


Figure  H-4  repreaenta  the  free  body  diagram  of  the  Input 
gear  no.  1 which  haa  the  Input  moment  acting  on  It* 

The  forces  of  pinion  no.  2 on  gear  no*  1 are  given*  according 
to  equatlona  (H-43)  and  (H-44)* 

^21  * *“  ^12®A1 

and 

^f21  “ ‘ 

The  momenta  due  to  the  friction  forces  on  the  pivot  oppoae 
rotation  as  Indicated. 

The  centrifugal  force,  due  to  the  mass  of  gear  no,  1,  la 
given  by 


(H-62) 


(H-63) 


Rotation 


FIGURE  H-4 

FREE  BODY  DIAGRAM  OF  GEAR  NO.  1 
MESH  NO.  1:  ROUND  ON  ROUND 


H-26 


Force  equilibrium  requires,  that 


”^12“a1  - ^®1R^12“Na1  ^51+  Fjjli  + ;iFy,i  + 

- mPjjjJ  « 0 (H.66J 

Momeut  equilibrium  is  jivsn  by 

'‘"itf'xi  ♦ *'yi)5  - ♦ [»o,5a,  * -a,5„]  * 

■ 0 (H-67) 

Equation  (H-66)  furnlahoa  tha  followlns  component  equations: 
-P,2C0«x,  * -«,BF,2einA,  * ,,  4 ^ a (h-68) 

and 

-F,2.1nl,  - -:.»,j,F,200.*,  ♦-p^, - ,P^,  . 0 (h-S?) 


The  soalar  form  of  eaua^.inn  /u_co^ 


The  eimultaneoua  solution  of  equations  (H-68)  and  (H-69) 
furnlshea 


■xl 


and 


••yl  ■ * -0  ♦ •,r)co.*J 


Then,  with  the  aane  reasoning  as  before,  , 


^x1  ^yl  * ^12^17  ■*■  ^1^18  ■*“  ^12^19  * 


20 


where 


M7 


(1  - 4*^e^p)ooex^  - m(»  ■♦•  s^p)alnx^ 


1 + M* 


A 


18 


1 


1 


♦ 


■ ’’} 
(H-71) 

- mQ, 

(H-72) 

(H-73) 

(H-74) 


(H-75) 


(H-76) 


A^g 


^20 


V 


•'1 

/ 


Equation  (H>73)  la  now  subatitutod  Into  aquation  (H-70)  and  tha 
raault  la  aolvad  for  tha  contact  fore# 

P,2  - , (H-78) 

°10 

whara 

+ a^^[aln(^^  *01  “ “ 

Ma,j^ooa(^,  ♦ - \y)2  - ^-iRPai 


{ 

! 


Y.  . MOMEWT  IWPUT-QUTPOT  RELATIOWaHIP 


Equations  (H-6l)  and  (H-78),  whioh  art  both  expressions  In 
B«t  equal  to  each  other  and  the  result  is  solved  for 


-0, 


■23  “ 


(Mi„-  ^,09)  + 


(H-79) 


The  above  la  now  equated  to  equation  (H-40)  and  the  result  Is  solved 
for 


bk  ■ 


Va<>*in  - <1°9>  • - V6°10'»3 

°3°6®)0 


(H-80) 


Finally  equation  (H»80)  is  equated  to  aquation  (H-19)*  This 
permits  the  determination  of  the  equlllbrant  moment  M041 
(for  case  no.  1:  RRR) 


CpCeOp 


"in' 


- 


CgCgCgCg 


C3°6°10  W)0  V'6 


Q3-UL  - 

°3 

(H-81) 


H-30 


Wl,  ■«  fi  iiil-  iu-ilt  fli.. 


.A.:,.; 


b,  CASE  WO,  2;  RRH 


Since  only  meah  1 la  now  aaaumed  to  be  in  the  round  on  flat 
phase  of  motion | the  forcea  and  remain  aa  given  by 
equatlona  (H-19)  and  (H-40)^  reapeotlvely. 


I,  FQRCB  Am  MOMEHT  EQUILIBRIA  OF  QEAH  AND  PINIOW  SET  NO,  ,2 


Figure  H-5  ahows  the  free  body  diagram  of  the  gear  and  pinion 
eat  with  the  neoeaaary  portlona  of  meah  no*  1. 

The  foroea  of  pinion  no.  5 on  gear  no*  2 are  given  by 
equatlona  (H-^O  and  (H-42)i  l.e*>, 

^^2  “ “ ^23®X2  (H-82) 

and 

?f32  ■ - ^•2R*'25®NX2 


(H-83) 


Tht  contact  force  of  gear  no,  1 on  pinion  no.  2 la  now  given  by 


* ®'l2F^Fl  (H-84) 

(Note  that  the  additional  aubacrlpt  P la  Introduced  to  dletlngulah 
round  on  flat  from  round  on  round  contact*) 

The  aaaoclated  friction  force  la  given  by 

^f12P  " '**lF*'l2P^P1  (H-85) 

(See  equation  (H-2)  for  e^p*) 

The  pivot  reactlona,  together  with  the  pivot  friction  forcea, 
are  ahown  In  a aeparate  dlagraa  In  Figure  H-5*  Aa  before, 
the  pivot  friction  aowente  oppoae  rotation, 

The  centrifugal  force  ^2  Aa  again  given  by  equatlona  (E-^!$) 
and  (H**46), 

Force  equilibrium  la  given  by 

"*'23®A2  • '‘■2R*'23“na2  ^12p“nF1  * '*"1f’'i2F®F1  ^ ^2 

^ ^x2^  ” ^^y2^  ^ ^y2^  ^ ^^x2^  * ^ 

H-33 


(H-86) 


MoMDt  •qulllbrlvui  about  polat  O2  raqulraa 

* [*02*02  * '’02*x2l  * f*‘23*A2  ~ '‘■a8*'23“NA2l 

* *^12Ap1  " ® (H-87) 

Not#  that  alnoa  tha  llaa  of  aotlon  of  tho  frlotloh  fora*  >'|f)2r 
paaaoa  throu(h  polat  021  thla  frlotiaa  foraa  aaarta  ao  aoBoat 
about  point  02^ 

Equation  (H-86)  furnlahoa  tho  follewlaf  ooapoaoat  oquatleaai 


* ^92  “ '‘*'72  * ® (H»B8) 

aadi 

- "P)>  * 

^y2  * “^'xa  * ^2*^“’'2 


It 


0 


(H-89) 


Tb*  SOAIAT  fora  of  tbo  meaoBt  o^Mtioa  (H»8?)  boooaoa 
'"^'•''^^2.  ♦ j'ya)  ♦ 

• '*2ii'M''aj  ♦ 't»it  • 0 (H.90) 

SlaultMooua  aolutloa  of  tbaao  ooapoaoat  aquatloaa  for  F - and  r , 

Xc  " 'y2 

laada  to 


^xZ  ■ 


777r(''a3t<’  - •2R)«lnA2  M»  ♦ >*SR)ooaAgJ 

* >'l2rQt  - M*a„)aia(^,  - .p,)  - ,(,  ♦ .,p)ooa(# 
- q£Mainr^  ♦ 


■a.)J 


(H-91 ) 


and 


'■ya  “ 


♦ M%j,)alnAj  - M(!  - ajp)ooaA2] 

* ^laft^^’  * “ "pi)  ♦ - i)ooa(y', 

+ QjC-alny^  ♦ Mooay^]  | 


--P1>3 


H-39 


Th«  BUffl  Of  •quatlon  (R-90)  la  now  aada  up  of  aquatlona 

(H<>91)  and  (H-92)  In  tho  awnao  of  aquation  (A-3b)  of  Appandlw  A 


^x2  ^ ^y2  ■ ^23^21  * *'l 21^22  * ^2^23  * **23^24  * ^12F*25  * ^2^26 


(H-93) 


whara 


h\  ■ 


(H-94) 


^22  * 


(1  - >>^a^y)aln(<l>^  - «p,)  - m(1  •»  - «»p^) 


1 ♦ M* 


(H-95) 


*23  ■ 


Malny^  ooar^ 


1 ♦ 


(H-96) 


*24  “ 


(1  ♦ MS3o)aln^->  - >*0  - a-o)ooaA 


1 + h* 


(H-97) 


*25  " 


-m(1  ♦ a^y)aln(^,  - «»p^)  * - Oooa(>>^  - «p,) 


\ * 


(H-98) 


H-36 


^26  ■ 


- ilnyp  * MCO«y. 
fi — s 

1 + 


(H-99) 


Equation  (H-93)  la  now  aubatltutad  Into  aquation  (H-90),  and  tha 
raaultlng  axpraaaloa  la  aolvad  for  tha  oontaot  foroa  F^2|i 


■ 


’ ^23®  n ^2®  12 


(H-100) 


whara 


®n  ■ ^32[■^“<^2  “ *02  “ ^2>  ” ^•2r0®*^'^2  * *02  " ^2>] 


- M#»g(A2,  ♦ 


®12  “ 


Oix  ■ 


‘'’2^^22  ^25^ 


H-37 


IW  iW  W.lil  'll  I iki  * < Ji't/wllLWAl'Jm 


Figur*  H*6  r«prtMnta  th«  fr««  body  dlagran  of  Input  g«ar 


no.  I . 


Th«  forooa  of  pinion  no.  2 on  thia  gaar  ara  givan  ,aooording 
to  aquatlona  (H-84)  (K-88)  • 


■ * '‘laAri 


(H-101) 


^f2iF  ■ “'‘•ir^i2r®pi 


(H-102) 


Tha  Boaanta  dua  to  tha  pivot  friction  foroaa  oppoaa  tha  Indicatad 
rotation  dua  to  tha  aomant 

Tha  oantrifugal  forea  haa  baan  daflnad  by  aquatlona  (H«64) 
and  (H-65). 

Tha  foroa  aqullibrlum  aquation  la  givan  by 


"^i2r^ri  * '**ir*’i2r“n  * ^ ^ ''*’yi^  * ^yi^  “ 

. 0 (H-103) 


H-38 


Th*  noment  •qnilibrlua  •quatlon  bcooaea 


-Mi„S  ♦ ^f,CF„  ♦ ?y,)5  ♦ [.a,a„,  ♦ fa,v,>  [-rijiVi  ' "iF^i2r®Fi] 


(H-104) 


Equation  (B-IO?)  furnlshaa  tha  following  ooaponant  azpraaaloas 


P^2p8in(i<'^  " “pi)  “ '^1  “ “pi^  '*'  ■*‘  ®*x1  * '*^y1 


(H-105) 


and 


-P,2pC08(f,  - «p,)  - MB,pF,2paln(f^  - «p,)  + Py,  - mF^^, 


(H-106) 


Tha  acalar  form  of  tha  aoaant  aquation  (H*104)  baooaaa 


-MiD  ^ ^ '‘•lF'’Ql^12P  * »Ql^l2p[-®®*^^1  ^ *01  " *}  * "P1^ 

♦ Ma,paln(^l  ♦ ig^  - + ««p,)]  • 0 


(H-107) 


"1 


1 

■1 


Slnultanaoua  aolutlon  of  aquations  (R-10?)  and  (H-106)  for  ^X1 


and  ^yi  furnlshaa 


x1 


^12p[:^^  ^ /»^a,p)aln(f,  - ap,)  •»•  M(a,p  - 1)coa(<l>,  - ap^)^  - Q, 


I + 
H-40 


(H-108) 





o 


Equation  (H-110)  la  now  aubatltutad  Into  tha  moaant  aquation  (H-107) 
Thla  furniahaa 


^12P 


a 


"in  - 
<=15 


Where 


°14  ■ ^30^ 

15  ■ + '‘■ir'’ai 

+ + 8.,  - + «p.)  - coa(^,  + 8a,  - f,  + «p, )1 


Kquutlona  (H-tOO)  and  (R-119),  whloh  ar*  both  axprtaaloBa 


In  F^2|,i  ara  now  aot  aqual  to  aaoh  otbar  and  tha  rasult  la  aolvad 
for  P23 


-c 


13 


O11O15 


Q,Ci^) 


(H-n6) 


Tha  abova  axpraaalon  la  now  aquatad  to  aquation  (H-40)  and  aolvad 
for 


V13 


<«ln 


V12 

®3®n 


(H-1I7) 


Finally,  thla  axjpraaalon  la  aat  aqual  to  aquation  (H-19)  and  tha 
raault  la  aolvad  for  tha  aqulllbrant  aonant  for  oaaa  St  RRF) 


”o<tS 


Wl3 

°3°11®13 


°3°n°19 


.2^ 
* ^ m 


®3°11 


With  both  ■•shoo  no.  I nnd  no.  2 in  the  round  on  flat  phaaa 
of  motion,  only  force  of  the  round  on  round  phaae  can  be 
Incorporated  for  the  present  oaae.  The  equilibrium  equations 
for  gear  and  pinion  set  no.  3i  g*ur  and  pinion  set  no.  2 and  the 
input  gear  no*  1 must  be  newly  derived. 


I.  _ rOROli  AMP  MQMBMT  gftUILIBRIA  QJF  (ttAR  ^ PINION  gET  NQ*  3 


Figure  H-?  shows  the  free  body  diagram  of  gear  and  pinion 
set  no.  3i  together  with  the  necessary  outline  of  mesh  no.  2* 

The  forces  of  pinion  no.  4 on  gear  no*  3 ore  given  by 
equations  (H-20)  and  (H-21) 

(H-119) 

and 

?f43  " - ^•3R^34“n^5  (H-120) 


H-44 


Gtar  no.  2 


FIGURE  H-7 

FREE  BODV  DIAGRAM  OF  GEAR  & PINION  NO.  3 
MESH  NO,  3:  ROUND  ON  ROUND 

MESH  NO.  2:  ROUND  ON  FLAT 


Th«  normal  eontaot  foro*  of  gaar  no*  2 on  pinion  no.  3 Is  givon  by 


*’23F  ■ " *'23P“Ky2  (H-120 

Tht  amsoolatad  friotlon  foro«  la  glvan  by 

^f23F  ■ '‘•2r**23F^2  (H-122) 

Tha  pivot  friction  foroaa  ara  ehoaan  >o  that  tha  raaultlng 
friction  nonenta  oppoaa  the  indicated  rotation*  Tha  centrifugal 
force  la  that  of  equatlona  (H>24)  and  (H-23)* 

Force  equilibrium  la  given  by 

"^34“  ^3  ‘ ''•3H*'34®Na3  “ ''23r*RF2  ^ ^■2F*'23F^2  ^ S 

Fx3^  ♦ Mfy^i  ♦ Fyjj  - ■ 0 (H-123) 

Moment  equilibrium  about  point  0^  ia  given  by 

'*'’3^^x3  ^y3^^  [*03*03  ^ '’03*a33  * C"*'34*a3  " '**3H*'34*Na3J 

^ ^ ^23F  * ^ (H“124) 

H>46 


•«n« 


Not*  that  the  friction  force  ffloaent  about  point  0^. 

Equation  (H-123}  furnlahea  the  following  component  equations: 


-P^^^cosAj  ♦ '‘■3rJ^34*^>'^3  ♦ ^300a?j  ♦ + MPy^  ♦ P2jpain(i^2  “P2^ 


^ ^•2P*'23F®®*<'^2  ^ *P2> 


(H-125) 


“ ^*3R^34^**^^3  ^ ^ " **^x3  " ^23^®®*^ '^2  * *P2^ 


♦ ^■2F^23F*^®^'^2  ^ "p2^  ■ ® 


(H-126) 


The  aoalar  form  of  the  moment  equation  (H-124)  beoomea 


'‘'*3^ ^*3  ^y3^  ■*■  *03**34[*^"^^3  * *Q3  “ ^3^  “ '**3r®®*^^3  * *o3  " ^30 


- '“3R'aj'j4  * *2^3r  ■ ® 


(H-127) 


aUultancoua  solutioa  Qf  tqtMtloaa  (1-125)  Md  (B-126)  for  f 


•Bd  ^73  l««d«  to 


I ♦ ,2  {*'3<tP'  ■ '**3*’"’**J  ■ '•<’  ♦ *»>*^**j] 

* »'*»[-'■<'  ♦ » •„>  - (I  - 


^7i  ■ 


*’23fB^  • '‘%r)oo«<i>2  ♦ -pj)  - m(1  ♦ •2J'>*^“<V*P20 
- ,£u.r,  . „«,,J  I 


Th»  IIU  Kjj  ♦ r^j  at  Miutlw  (B-U7)  la  now  u4a  up  at 
•quatloaa  (H-U8)  aau  (i.iap)  i,  u, 


^»J  * *■«  ■ ♦ l-ajpAjj  ♦ q,*,j  * 

(H-130) 


Figure  H-8  showe  the  free  body  dlagran  of  the  gear  and  pinion 


aet  no.  2. 

The  foroea  of  pinion  no.  3 on  gear  no.  2 are  equal  and 
oppoalte  to  thoae  given  by  equationa  (H-121)  and  (H-122),  i.e.i 


^32F  ■ ®'23J^F2 


(H-138) 


and 


I 


^f32F  ■ " '‘"2F^23F*F2  (H-139) 

The  foroea  of  gear  no*  1 on  pinion  no.  2 are  thoae  of  equationa 
(H"84)  and  (H«85)» 

The  pivot  friction  la  accounted  for  in  the  uaual  manner 
and  the  centrifugal  force  given  by  equation  (H>4$)« 

Force  equilibrium  la  given  by 


^23F"nF2  " '‘■2F^23F”F2  * ®'i2F"nf1  * '‘■lF*’l2F^F»  ^2  + - ^Fyg^ 


♦ ®'y2^  ♦ '‘*'x2^ 


(H-140) 


H-51 


FIGURE  H-8 


FREE  BODY  DIAGRAM  OF  GEAR  & PINION  NO.  2 
MESH  NO.  2:  ROUND  ON  FLAT 

MESH  NO.  1:  ROUND  ON  FLAT 

H-52 


Moaent  equilibrium  about  point  0^  require* 


* KaSga  ‘ -aaVa]  * [’'23f'nF2  - 

+ g,np,  X «i  0 

Equation  (H-I40)  give*  the  component  equation* 

■*■  "P2^  “ ^■2P^23P®®*(<‘'2  ■♦■  “pg)  + Q200*y. 

- r,2p*in(!f,  - <»p,)  + Ma,pr,2pCos(,^,  - ) . 0 

and 

Fg^pCoaCV-g  + «p-)  - MS2pF23p•in(^^2  + «p2>  + 


''•2F^23F®Fa] 

(H-141) 

, + F a - mF 

(H-142) 

* ^y2  ^ '**'x2 


+ F,2r0oa(\(-,  - „p,)  4 M*,pF,2pain(t<-,  - «p, ) - 0 


(H-143) 


The  scalar  fora  of  the  moment  equation  (H-141)  becomes 


^ *G2^23f[5°®^*2  " *Q2  “ *2  " “p2> 

+ Ma2pSin(^2  “ «Q2  " '^2  * “P2O  “ ^®2F'’Q2®’23F  * ®1^12P  * ° 

(H-144) 

Simultaneous  solution  of  the  component  equations  (H«142)  and  (H-143) 

^x2  ^y2 

*'x2  ” 7^  |''23fC'  * ’ "P2>  * •‘<*27  • ♦ ’pj)] 

+ F|2pC’  " M^s,p)sln(i^,  - «p,)  - >i(1  + 8,p)cos(^,  - «p,)] 

- ^2  Q‘sin^2  * cosvglj  (H-145) 

and 

Fy2  “ r23Ft^®2F  “ ♦ “pg)  ‘ + «p2>] 

I ^ M \ 

- S',2pt<1  + •ip)«ln(^^  - Op,)  + O - /*^e,p)coa(il',  - «p,)] 

+ C^2  [^'‘CO*’'2  " (H-146) 

H-54 


Thd  8ua  Of  equation  (H>U<4)  now  made  up  of  equations 

(H-145)  and  (H»146)  in  the  sense  of  aquation  (A-3b) 


m 


^x2  ^y2  = ®’23F^37  ^ ^12F^38  ^ *^2^39  ^ ^23 Ao  * ^12F^i+1  *^2^42 

(H-147) 

where 


I 


0 + M^S2-)aia(^2  + c,  ) + MCa^p  - OcosC^f-g  + Wpg) 

^37  ■ I , V ,2 


(H-148) 


^38  * 


(1  - M^a^p)ain((i'^  - «p^)  - >i(l  + e,p)oos(^^  - «p,) 


1 + 


(H-149)  I 


Aj9  e 


MSlnYp  + cosy, 

2 


1 •»• 


(H-150) 


%0 


m(s2p  " 1)sin(i^2  •*•  °p2)  ■ ■»  Opg) 


1 + 


(H-151) 


ft(l  + a,p)Bln(i^',  - «p, ) + (1  - >**‘s^p)coB(\»^  - «p,) 

j ——g 


(H-152) 


V “ 


Mcosyg  » slnyg 


1 + M* 


(H-153) 


Equation  (H-147)  lo  now  aubatitutad  Into  aquation  (R'-I44}  and  tha  raault 
la  aolvad  for 


^12P  * 


^23F^19 
°21 


2-20 


(H-154) 


whara 

®19  " ■"'*'*2^^37  •q2CP®*^^2  “ *02  “ “ “P2^ 

+ M82paln(^2  ’ *02  ‘ ’ “P2II  ’ '‘•2P'’Q2 

C20  ■ '*'’2^^39  * ^42^ 

®21  * “'*'’2^^38  ■*■  *1 


H-56 


III.  FORCE  AND  MOMENT  EQUILIBRIA  OF  INPUT  QEAR  NO»  1 


While  the  nufflerlcal  values  of  the  force  *'21 F and  its 
associated  friction  force  both  acting  on  gear  no.  1 , 

are  peculiar  to  the  present  combination  of  contact  phases,  its 
functional  relationship  to  the  input  moment  and  the  centrifugal 
force  is  identical  to  that  derived  in  section  1b-ll  of  this 
appendix.  (See  also  Figure  H-6.) 

According  to  equation  one  obtains  for  F^£f 


IV.  MOMENT  IWPUT-.QUTPDT  RBLATlOWaHlP 


Equations  (H-154)  uud  both  In  squal 

to  saoh  othsr  and  tha  rsault  la  solvad  for 


-C 


21 


"20 

1 

"19 


(H-156) 


The  abova  la  now  aquatad  to  aquation  (H-137)  ond  tha  raault 
is  aolvad  for  "34 


(M,, 

Ci5°16^19 


Q1O14) 


^18^20 

°16®19 


(H-157) 


Finally,  aquation  (H-137)  !■  aquatad  to  aquation  (H-19)f  which 
corraapondn  to  tha  round  on  round  phasa  of  aeab  no.  3*  Tha 
raault  la  solved  for  tha  aqulllbrant  aomant  (for  oaaa  3:  RFF) 


*^043 


^2^6^21 

^15^16^19 


Q 14^ 16^21  . ^ ^2°18°20  . Q °2°I7 

’ ^ °16®19  ^ ^16 


- Qi.c 


4-1 


(H-158) 


h-58 


For  thla  contact  combination  forea  may  ba  taken  from 
the  results  of  case  no*  1 [see  equation  (H>19)3|  since  mesh  no.  3 
Is  In  the  round  on  round  phaaa  of  motion*  The  force  F2^|i  of 
case  no*  3»  1 * a. , aquation  (H-137)i  also  la  inoorporatad* 

The  input-output  relationship  of  the  gear  and  pinion  combination 


no*  2 must  ba  newly  derived » l*a*^ 
In  terms  of  the  contact  force  F^p 


the  fores  expressed 

and  the  centrifugal  fores 


Finally,  the  results  of  the  equilibrium  equations  for  the  Input 
gear  no*  1 of  ease  no*  1 are  used*  For  this  ease  of  oontaot, 


the  force  F^g  la  given  by  equation  (H-78)* 


Figure  H-9  shows  the  free  body  diagram  of  gear  and  pinion 
set  no*  2 with  the  necessary  portions  of  mesh  no.  1* 

The  forces  of  pinion  no,  3 on  gear  no.  2 were  given  by 
equations  (H-138)  end  (H-139) 


FIGURE  H-9 

FREE  BODY  DIAGRAM  OF  GEAR  & PINION  NO.  2 
MESH  NO.  2:  ROUND  ON  FLAT 

MESH  NO.  1;  ROUND  ON  ROUND 


a 


^23F^F2 


(H-159) 


f 


32F 


«nd 


F 


f32F 


- MS 


2F^23F^F2 


Th«  forota  of  gtar  no.  t on  pinion  no.  2 art  givan  by 
(H-43)  and  (H-44) 

F,2  ■ *'l2®xi 

and 

^f12  ■ '*“tR*’l2“MAl 

Tha  oantrifugal  foroa  givan  by  aquation  (R»43)* 

raaotlona  and  friction  forcaa  ara  handlad  aa  bafora. 
Foroa  aquillbrlutn  la  givan  by 


(H-160) 

aquationa 

(H-161) 

(H-162) 
Tba  pivot 


*’23F"nF2  ” ^•2F^23F“F2  '‘■iR*'i2“na1  * 


Mo«*nt  tqullbritui  about  point  O2  ia  glvon  by 

* [*02*02  * ^02*NF2l  * [^23F*NF2  ■*  '‘•2I^23P“?2^ 

* C*pi^i  - 'pi“*il  * C’'i2**i  * 

Equation  (H-163)  givoa  tho  following  ooapoaoat  oquationa 
-Fg3pain(<^2  ♦ "pg)  - ^*2F^23F***^^2  *P2^  '^x2  **  ^*'y2  ^ F^2eoaA^ 

- f2a^pFf2*^"^^1  * ^2***^2  * ^ (H-163) 

and 

F23y0oa(<>2  + '*p2)  " ^■2F®'23F*^“^’^2  * “p2^  **y2  * '**'x2  * 

♦ ♦ Q2*^*^2  ■ ® (H-166) 


H-62 


The  »calar  form  of  the  moment  equation  (H-164)  beoomee 


“ •Q2^a3F[°°"^^2  - *Q2  - h ’ “p2> 

+ M«2p*ln(^2  - «Q2  - ^2  ‘ "P2^]  ■ '‘•2f'*Q2*’23P  “ '‘■ir'’p1*’i2 
•pi^l2D‘“lR®®*^'^1  * *P1  “ “ •^”^'^1  '*'  *P1  " ® 

(H-167) 


Simultaneous  solution  of  the  foroe  oomponsnt  equations  (H»l65) 
and  (H-166)  for  Pj^g  ««d  Fyg  results  in 


®'x2  ■ Y'TTI  |*'23pC'  * M^S2p)*lo(<('2  "P2^  - mO  - •2f)®®*^'^2  * “pzO 

♦ F,2[m(S,„  - 0 SlnA,  - (1  ♦ M^S,p)00SA,] 

" ^2C'‘*^“''2  ■*’  ““•’'all  (H-168) 


and  9 

* 


hi  ■ 7T7  ‘ 'P2> 

Fi2  M^s,p)sinx,  + f*(l 

+ Q2[-®^"^2  ^ '‘®®*^2l| 


(1  + M^S2p)oos(f2  ♦ "paO 

-,r)cosa,] 


(H-169) 


Th«  aun  * Ty^  of  aquation (H- 167)  la  now  aada  up  of  aquatloaa 
(H-168)  and  (H-169)  In  tha  uaual  aannar 


* ^y2  ■ *‘231^43  * *'12^44  ^2^5  * ^23/46  * ^12^47  ^ ^2^48 

(H-170) 


whara 


\3  “ 


(1  4 agy)aln(!/'2  ♦ Upg)  - >4(1  - a^p)coa(^g4_,^) 


1 4 M* 


(H- 


^44  ■ 


»(a,p  ■ Dalnx^  ~ (l  a >tS^p)ooaX^ 


1 a M 


(H< 


»45  • 


MalBYg  a 00a V2 


1 a M 


(H- 


\6  ■ 


M(agp  » 1)8lB(fg  a <ipg)  - o a M^agy)coB(i^g  a 


1 a 


(H 


%7 


-0  a >4^»,p)alBAj  a >t(l  - a,p)coBA^ 


1 a 


(H 


\8  • 


alnro  a Mooay^ 


1 a 


(H 


H-64 


■171) 

-172) 

•173) 

-174) 

-175) 

-176) 


Equation  (H-170)  la  now  aubatltutad  Into  the  moment  equation  (H-167) 


and  the  result  la  solved  for 

„ . ’ ^23F°22  ^ ^2°23 

F,2  » 

where 

°22  ■ "'*'*2^\3  * •q2C®®*^*2  " *Q2  “ '*'2  “ *P2^ 

+ M®2p*in(^2  “ *Q2  " ^^2  " "P2O  “ ^•2P'*Q2 

C23  ■ 

C24  ■ “^'’2^^44  ^47^  ■*■  *P1  " 

- ain(i^,  + - xp]  - '**1r'*P1 


H-65 


(H-177) 


Equations  (H-17?)  and  (H-78)  ara  now  aat  aqual  to  each  othar 
and  the  rasult  la  aolvad  for  Fo*. 


hiT  ■ 

° 10^22  ®22 


(H-178) 


Tha  abova  la  now  aquatad  to  aquation  (H-137)  to  obtain  ^34 


P-,  . («,„  - ,,0.)  . ^,MiL  . , in 

1 =10=16=28  ^ ’ =16=22  ’=16 


(H-179) 


Finally  aquatione  (H“179)  and  (H-19)  *ra  sat  aqual  to  aach  other 
and  tha  aquill brant  momant  (For  oaaa  4:  RPR)  la  datarmlnad 


”o44  • ”ln 


^2^18^24 

'^10°16°22 


Q °2°9°t8°24 
' ®10°16°22 


^ °2°18°23  _ Q °2°17 
^ ®16^'22  ^ °16 


(H-180) 


H-66 


For  thla  oontaot  aomblnatlon  It  le  naoesaary  to  determlna 
new  expreealona  for  the  force  of  gear  no,  3 on  pinion  no.  k, 

and  for  force  of  gear  no.  2 on  pinion  no.  3> 

Equation  (H-136),  derived  for  oaae  3»  and  which  relatea 
force  F^^p  to  the  input  moment  may  be  ueed  for  the  determination 
of  the  final  input-output  relationahip. 


Figure  H-10  gives  the  free  body  diagram  of  pinion  no.  4 in 
the  round  on  flat  phase  of  motion  with  gear  no.  3> 

The  equllibrant  moment  acta  in  a olookwlae  direction 
and  oppoaea  the  oounter-clookwiae  rotation  of  the  pinion. 

The  normal  contact  foroe  ia  given  by 


Rotation 


FIGURK  H-10 

FREE  BODY  DIAGRAM  OF  PINION  NO.  4 
MESH  NO,  3:  ROUND  ON  FLAT 


The  associated  friction  force  becomes 


f54F 


'*®3F^34F“f3 


The  centrifugal  force  is  given  by  equation  (H-5)  and  the 
pivot  friction  forces  are  chosen  such  that  they  oppose  rotation. 


Force  equilibrium  Is  given  by 


^34f”nF3  ^ '*®3F^34f“f3 

+ Q^(coay^i  + siny^j)  a 0 


(H-183) 


Moment  equilibrium  about  point  0^^  requires  that 


-M,45  - (*-■4(^4  + ?y4>k  . gjHyj  X rj4yi„j  . 0 


(H-184) 


Note  that  the  friction  force  F^^^P  does  not  exert  a moment  about 
point  0^,  since  its  line  of  action  passes  through  it. 

£quatlon  (H-183)  furnishes  the  following  component  equations 


“^34F®^**^'*'3  " “P3^  ^®3F^54P®°*^'^3  " “P3^  ^x4  " ^^3 


+ q^cosy^  B 0 


(H-185) 


H-69 


4 iV 


■ 


+ Ql^ainy^  b 0 (R-186) 


The  soalar  form  of  the  moment  equation  (H-184)  beoomee 


-Ho4  - mP4(Fx4  ♦ ?y4)  ♦ «3*'34P  ■ ° ^H-^8?) 


Simultaneous  solution  of  equations  (B-183)  uid  (R-186)  for  ^4 
and  results  in 


f 'x4  • 


7772’|^34fQ’  ■ ^Sf^*^“<'^3  " “P3^  ‘ ^ •3p)o«('»3  " 

+ Q4^-  Msiny^  - cosy^J  I 


(H-188) 


and 


'•y*.  ' TT7? 


F34j.[]-K1  ♦ S3j,)sln(i^^  - «p^>  - (1  - 

* *^4  C"“^®’'4  * ^®®*’'4]  I (H-189) 


H-70 


iilii 


Th«  8U1D  + Fy^  of  equation  (H-18V)  le  now  madw  up  of  wquations 
(H-188)  and  (H-189)  In  tha  sanat  of  aquation  (^•3b) 


^x4  ^y4  “ ^34F^49  * Vso  *’34F^31  * ^4^52 


(H-190) 


wbera 


%9 


O - - "p^)  - /*(1  ♦ ax»)oo*^'*'x  “ ®Dx) 


3F^ ^^3  “P3^ 


J + r 


(H-191) 


^50  * 


MWlny^  > ooaYj^ 


1 -f 


(H-192) 


^51  ■ 


■Kt  •»  ej|,)aln{<^^  - ■»  (1  ■ ^ a^p)ooa(f^  - «p^) 


(H-193) 


hz  • 


ainy^^  ♦ Mcoay^^ 

,.i! 


1 + 


(H-194) 


Equation  (H-190)  ia  now  aubatltutad  into  aquation  (H-187)  and  tha 
raault  ia  aolvad  for  Fi 


'34P 


Fj^  . 


(H-195) 


^26 


H-71 


1 


I 


s 


* I 

('  I 

S i 


II.  FORCE  AND  MOMENT  EQOILIBRIA  OF  GEAR  AND  PINION  SET  NO.  3 


Figure  H-11  gives  the  free  body  diagram  of  gear  and  pinion 
combination  no.  3*  Both  mesh  3 and  mesh  2 are  In  their  round 
on  flat  phase  of  contact* 

The  forces  of  pinion  4 on  gear  3 are  equal  to,  but  opposite 
In  direction  to, those  given  by  equations  (H-181)  and  (H-182) 


^43F  **  ’ ^34P*'nF3 

and 

^f43F  ■ “ ^*3F^34F*^F3 


(H-196) 


(H-197) 


The  forces  of  gear  2 on  pinion  3 are  given  by 


^23F  “ ” ®’23F^NF2 

and 

^f23F  “ '‘"2F^23F“f2 


(H-198) 


(H-199) 


I) 


•1 


tttwuL.lL.tL-'illii.b 


H-75 


Rotation 


FIGURE  H-11 

FREE  BODY  DIAGRAM  OF  GEAR  R PINION  NO,  3 
MESH  NO.  3:  ROUND  ON  FIAT 

MESH  NO.  2:  ROUND  ON  FIAT 

H-74 


The  pivot  foroea  and  momenta  are  ehoaen  In  the  uaual  manner  and 
the  centrifugal  force  la  defined  by  equation  (H-24). 

Force  equilibrium  la  given  by 

" ^*3P®'34f“f3  “ ^23F^2  * '‘■2r^23P“P2  ^3  ^x3^ 

^^Py3i  + Py3J  " »‘^x3^  " ® (H-200) 

Moment  equilibrium  about  point  0^  requlrea  that 

'^'*3^^X3  ^y3^^  [•a3^a3  '’a3"NT3l  * [“*'34r"NJ'3  " '‘•3P^34f"f3] 

**■  *2^2  * ^"^^23f“nF2  " ® (H-201) 

Note  that  the  friction  force  Fj23p  ® moment  about 

point  Oy 

Equation  (H-200)  furnlahea,  after  all  neceaaary  aubatltutlons, 
the  following  component  equatlona: 

P3^yain((^3  - Cp^)  - Ma3pP3^pCoa(^3  - * q^ooBy^  f * ^Py3 

+ F23pain(V'2  + <»p2>  + ^•2pFg3pCoa(^i'2  + «p2)  ■ 0 (H-202) 


H-75 


* *P3^  ^ ^5*iny3  ♦ Fy3  - mF,3 

“ F23p608(if'2  ■*■  ®p2^  * ^*2F^23P*^^^ ^2  * **P2^  * ^ (H“203) 

Th«  soalar  form  of  tho  momont  oqumtion  (H-201)  booomos 
'‘^3^^X3  * * ®Q3^34fC’®®*^^3  ^ *03  “ *3  * “P3^ 

+ M«3p.in(^3  + 8q3  - v-3  + a^^)]  + ■ 0 

(U-204) 

I iilmultonoous  solution  of  tho  ooaponout  tquntlons  (H-202)  and  (H-203) 
j for  ^3  and  ^3  flvos 

*'x3  ■ TTT^  {^34fC“^^  * #‘^S3p)ain(^3  - ♦ M<»3y  - 1)cos(^^3  - «p3)J 

* *'23pO'**^*2r  " 0*in(i^2  '*■  ®P2^  - ♦ *2F^®®*^'^2  ’*'  *P20 

♦ Q3  1^11073  - coar3 


(H-205) 


and 


^3  • 7^(®'34Ft<®3F  - - “pj)  ^ ♦ M^a3j.)coa(f3  - .pj)] 

•2p)®ln(i/'2  ♦ «P2)  ■*■  O - M^82p)coa(il'2  + »p2)J 
♦ ^3  [-•lnv3  - '*®o®’'3j)  (H-206) 


Tha  sum  ^,^3  •«•  Py3  la  now  aada  up  froa  aqaatlona  (H-203)  and  (H-206) 

* ^y3  ■ *’34P^53  * ^231^54  ^ ^3^55  * *'34P^56  ^ ’*23*^57  S^58 

(H-207) 

whara 


S3 

^34 

I55 


-(1  ^ M a3p)aln(<)3  — *p^)  ^^*3F  **  **  **P3^ 

1 + 

" 1)oin(^2  * "P2^  * mO  ■»•  a2y)ooa(f2  ♦ "pg) 

i ♦ 

Main  73  - 00a  Y3 
1 + 


(H-208) 


(H-209) 


(H-210) 


B-77 


r < 
ii 


^56  • 


A57  • 


Atffi  ■ 


>*(•*«  - l)«i»(f,  - «B,)  ♦ (I  ♦ MS,„)C0«(y’,  - «o-) 


‘58 


alnr^  4 Moeav^ 
^-—■2^ 


1 ♦ M* 


(H-21 1 ) 


(H-212) 


(H-213) 


Equation  (H-207)  la  now  aubatltutad  Into  aquation  (H-20if). 


Tha  raault  la  aolvad  for  7 


237 


■“  Fmj.nC 


^237 


'347°27  * ^3^28 
^29 


(H-214) 


whara 


°27  - ^ ^56^  * •03[“®®*<*3  * *03  “ *3  * "P5^ 

+ Ma^pOin(^jj  4 ♦ «pj)J  ♦ '‘■jjp'’q3 


♦ '“iT 

, 1 
. 

Cgg  ■ m^^(A 

-i 

®29  * >‘'*;j(A 

«2 


H-78 


III.  MOMEWT  IWPUT-.OqTPOT  RBLAT10W3H1P 


Equation  (H-156)  la  an  axpraaalon  for  *•  * function 
of  tho  moaont  and  tha  oentrifugal  foroos  and 
both  aaahta  no.  1 and  no.  Z ara  In  tha  round  on  flat  phaaa  of 
notion.  Thla  axpraaalon  for  is  now  aquatad  to  aquation  (R-214)> 

Tha  raault  la  aolvad  for  F^^^p 

i 

I 

I 

• _f£!fS2_<Ki„  - s,o,^)  - - 4jiSL  (H-215) 

i 

I 

Tha  abova  la  now  aquatad  to  aquation  (R-199)  and  tha  raaultlnt 

I 

axpraaalon  la  uaad  to  datarnlna  tha  aqulllbrant  nonant  | 

(for  Oaaa  5j  FPF) 


The  moment  Input-output  reletloaehlp  for  thla  oontaot 


oomblnetlon  omn  be  mmeembled  entirely  from  prevlouely  derived 
component  relatlonahlpa.  Aa  for  oaae  no*  4i  ■••h  no*  1 la  In  the 


round  on  round  pheae  while  meah  no*  2 la  In  the  round  on  flat 
phaae.  Therefore,  equation  (H-178),  vhloh  relatea  the  force 
to  the  Input  moment  nay  be  uaed.  The  input-output  relatlonahlp 
of  the  sear  and  pinion  aet  no*  3*  !•>••  the  relationehlp  between 
the  foroea  and  la  siven  by  equation  (H-214)  of  oaae  no*  3* 

The  force  may  be  obtained  from  equation  (K-195)*  Thla 
expreaalon  warn  alao  derived  for  a round  on  flat  contact  In  oaae  no.  3> 
Thua,  equation  (K-1V8)  la  flrat  aet  equal  to  equation  (H-214) 
and  the  reault  la  aolved  for  the  force  F«i.n 
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Th*  »bov«  •xpr«a«lon  ia  now  aat  aqual  to  aquation  (H-195). 
Thla  then  allowa  the  dotermlnatlon  of  the  aqulllbrant  moment 
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g-«  gASB  NO.  7;  FRR 
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For  the  prosont  contact  combination  the  oxprossion  for 
force  may  b«  taken  over  from  equation  (H-195)  of  case  no,  5. 
The  input-output  relationship  of  gear  and  pinion  set  no.  which 
relates  the  forces  wnd  >'23*  must  be  newly  derived.  The 
relationship  between  force  ''23  and  the  Input  moment  Is 
taken  from  case  no.  1 in  the  form  of  equation  (H-79)* 


1,  FORCE  AND  MOMEHT  SOOILIBRIA  OF  QEAR  AND  PINION  SET  WO,  3 

Figure  H-12  gives  the  free  body  diagram  of  gear  and  pinion 
set  no,  3*  Mesh  no.  3 io  in  the  round  on  flat  phase  of  contaott 
while  mesh  no.  2 is  in  the  round  on  round  one. 

The  forces  of  pinion  no.  4 on  gear  no,  3 nre  equal  to^  but 
opposite  in  direction  to  those  given  by  equations  (H-181)  and 
(H-182) 
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Rotation 


FIGURE  H-12 

FREE  BODY  DIAGRAM  OF  GEAR  & PINION  NO.  3 
MESH  NO.  3:  ROUND  ON  FLAT 

MESH  NO.  2:  ROUND  ON  ROUND 
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The  forces  of  gear  no.  2 on  pinion  no.  3 <ure  given  by 


**23  ■ ®’23“a2 


and 


f23 


'‘®2R^23®Na2 


The  pivot  reactions  are  chosen  In  the  saas  manner  as  before. 
The  centrifugal  force  was  defined  by  equation  (H-24). 
Force  equilibrium  of  the  gear  set  requires 

‘^34f^F3  “ '‘®3F*’34f"f3  * ^23"a2  '‘■2R^23“na2  ^3  ^ ^x3^ 


^ '‘^y3^  ^ ^y3^  ’ "^x3^  * ° 


(R-221) 


(B-222) 


(H-223) 


Moment  equilibrium  about  point  0^  la  given  by 

* Kj"g3  * 'oj^tirJ  * [-’'jifiSiirj  " '‘=3F''5‘.r2F3D 

* [*pa"p2  " ‘‘pa^Aal  * [^23"a2  * '‘®2r^23"nx2^  “ ® (H-224) 

Equation  (H-223)  gives  the  following  component  expressions 

Fji^pSinC^j  - “P3)  - >*«3fF34fC08(^j  - «p^)  + (ijcosy^  + 4 

4 F23COSA2  - MS2pF23SinA2  “ 0 (H-22?) 

and 

^^3  *"  *P3^  ” ^®3F^34F*^*^^ '^3  "*  **P3^  ^ t43Sinyj  + Pyj  — mF^^j 
4 F2jSinA2  4 '‘•2rJ’23®°®^2  * ® (H-226) 


H-85 


Th«  •o«l«r  form  of  tho  memoBt  oqtimtlon  (H-224)  baoomoa 


'‘'‘3^^x3  ^ ^y3^  * *Q3’'34pt®®*<<‘3  * »Q3  ’ ^^3  * “P3> 

+ M«3y«lii(^3  ♦ »^,3  - ♦ «pj)j  ♦ M«3y<»Q3F3^P 

“ *P2  " ^2^  * '**2R®®*^ ’*’2  " *P2  ■ ^2^ 

“ '‘•2H'’p2*'23  " ® (H-227) 

Slmult«nooua  aolutloa  of  tha  oompoaaat  aquatlona  (H*223)  and  (H-226) 
for  and  't3  raaulta  In; 

''x3  “ 7T7{^34p[“^*  ^ M^a3p)ain(f3  - «p3>  + ^(03,  - 1 >000(^3  - -P3)] 
'*■  ^23  * ®2R^®^“*2  ^'*^*2R  " 

+ Q3  f*lnr3  ■ ®®®^j3  I (H-228) 
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Thu  sum  In  •quntlon  (H«22?)  In  now  nndn  up  from 

•quntlono  (H-228)  and  (H-229)  In  tht  annnn  of  aquation  (A*3b) 


*'x3  * ^y3  ■ ®'34F^39  ^ **25^60  * ^3^61  ^ *’34*^62  *"23^63  * S^64 

(H-23 
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Equation  (H-230)  la  now  aubatltutod  Into  tho  aoBtnt  aquation  (H<*227) 
and  tha  raaultlng  axjiraasloB  la  aolvad  for 


“ *'34F°30  " ^31 
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^60  * ^63^  “ «p2^in(i^2  “ «p2  " * '*®2R®®*^*^a  “ *P2  “ ‘^2^3 


“ '**22'’ P2 


EquatloQ  (H-79)(  which  give*  the  fore*  in  twrnia  of 
and  Q2  appropriate  contact  ooablnatloBa»  la  now  aat 

equal  to  equation  (H-<S37)t  Subaequently,  one  finda  the 
following  fornulatlon  for 


10^30 


°6°30 


(H-238) 


The  above  expreaaion  la  now  aet  equal  to  equation  (H-193)  which 
glvea  In  teraa  of  Mq^  and  The  determination  of  the 
equlllbrant  moment  (for  oaae  7>  FRR)  la  now  poaalble. 
Thuai 
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h.  CASE  NO.  8;  FRF 


MOMENT  IIIPUT-OUTPUT  KELATIONSHIP 


The  Input-output  relatlonahlp  for  this  contact  combination 
can  also  be  assembled  entirely  from  existing  expressions.  With 
mesh  no.  2 In  the  round  on  round  phase  of  contact  and  mesh  no.  1 
in  the  round  on  flat  one,  the  relationship  between  force 
and  the  moment  Is  that  of  case  no.  2.  Equation  (H-116)  is 
applicable.  The  Input-output  relationship  of  gear  and  pinion 
set  no.  3,  which  relates  to  Fgj,  was  derived  for  case  no,  7 
and  Is  given  by  equation  (H-237)*  Finally,  with  mesh  no.  3 In 
the  round  on  flat  phase,  one  uses  equation  (H-193)  for  the 
relationship  between  force  F^^p  and  moment 

Thus,  equation  (H-116)  Is  first  set  equal  to  equation  (H-237) 
to  obtain  an  expression  for  force  F^^^p 
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2,  INPUT-OUTPUT  ANALYSIS  OF  TWO  STEP-UP  GEAR  TRAIN 


The  following  gives  derivations  for  the  moment  Input-output 
relationships  associated  with  the  four  possible  contact 
oomblnatlons  of  a two  atep-up  gear  train.  (See  Table  H-2). 


For  this  contact  oomblnatloni  the  relationship  between  the 
equlllbrant  moment  and  force  acting  on  pinion  no.  3i 

must  first  be  newly  obtained.  The  relationships  between  forces 
^23  ^12  pinion  set  no.  2,  as  well  as  between  force 

F^2  Input  moment  of  gear  no.  1 , may  be  talcen  from  case  no.  1 
of  the  three  step-up  gear  train  analysis.  Equations  (H-61)  and 
(H-78),  respectively,  are  applicable, 

I.  FORCE  AND  MOMENT  EQUILIBRIA  OF  PINION  NO.  3 


Figure  H-13  shows  a aohematle  free  body  diagram  of  pinion 
no.  3 In  the  round  on  round  phase  of  contact.  The  equlllbrant 


moment  acts  in  the  direction  opposite  to  the  clockwise 
rotation  of  the  pinion.  The  normal  contact  force  of  gear  no,  2 
on  pinion  no.  3 la  given  by 


<H-242) 

The  associated  friction  force  becomes  I 

’,'1 

■s 

ff23  a '‘®aR^23®NA2 

.J 

;'i 

The  pivot  reactions  are  chosen  in  the  usual  manner. 

The  centrifugal  force  is  now  due  to  the  mass  m^p  of 
the  pinion  alone,  l.e.,^ 


(H-243) 


^23^X2 
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(H-244) 


where 

^3P  * 


(H-245) 


Force  equilibrium  of  the  pinion  Is  assured  by 

^®2R^23*'na2  '‘^y3^  ^y3^  " '‘^x3^  ^3P  * ° 

(H-246) 

Moment  equlllbrlxun  about  point  0^  la  given  by 

'"^3^^x3  ^y3^^  * ^03^  [*P2®P2  “ '’pa^As]  * [^23^A2  * '"“2R^23^a2^ 

» 0 (H-247) 

Equation  (H-246)  gives  the  following  component  expressions 

F2^cosa2  - '‘®2r^23®^“^2  ^x3  ^^^y3  '*'  %p®°®'''3  * ® (H-248) 

and 

F22SlnA2  + '“S2pF2^cosA2  + Fyj  - ^F^^^  + Q^pSlny^  = 0 (H-249) 


H-96 


The  scalar  form  of  the  moment  equation  (H’*247)  becomes 


^y3^  *^o3  “ ^®2r'’p2^23  ®P2^23t“®^*^^'^2  ’ ®P2  ~ ^2^ 


The  sum  + Fyj  of  equation  (H-250)  is  now  made  up  from 
equations  (H-251)  and  (H-252)  in  the  sense  of  equation  (A-3b) 


^x3  ^y3  ’ ^23^65  Sp^66  * ^23^67  %P^68 


(H-253) 


where 
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Equation  (H-233)  la  now  substituted  into  the  moment  equation  (H-230) 
and  the  result  is  solved  for 
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In  th*  darivAtlon  for  onsa  1 of  tha  thraa  atap>up  gaar  train 


It  vaa  ahown  that  if  ona  aata  aquatlona  (H>61)  and  (H-78)  a<iual 
to  aaoh  othar,  ona  obtalna  tha  following  ralatlonahlp  |jL.at«, 
aquation  (H-79)Q  batwaan  foroa  7^3  input  aonant 
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Tha  abova  axpraaalon  la  now  aat  aqual  to  aquation  (H-258)»  and 
tha  raault  la  aolvad  for  tha  aqullibrant  nomant  oaaa  Is  RR) 
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b,  CASE  NO.  2:  RF 


I 


MOMENT  IWPUT-OUTPUT  RELATIONSHIP 


The  noment  •quatlon  for  th«  proaent  oaso,  In  which  maah 
no.  } Is  in  tho  round  on  flat  phass  and  assh  no.  2 In  tht  round 
on  round  onS|  may  bs  dsrlvsd  sntlrsly  from  •xlatlng  relationships. 
Equation  (K-116)  gives  an  sxprsasion  for  the  fores  In  torus 
of  the  input  noment  and  the  oentrlfugal  forces  and  Qg 
for  the  present  oomblnation  of  contacts  in  both  meshes.  When  this 
expression,  from  case  no«  2 of  the  three  step-up  gear  train,  is 
set  equal  to  equation  (H-259)  of  case  no.  1 of  the  two  step-up 
gear  train,  one  obtains  for  2:  RF) 
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For  this  contact  eoablnatlon,  where  both  meshes  no.  1 and 
no. 2 are  In  the  round  on  flat  phase,  the  relationship  between 
the  equillbrant  moment  and  the  normal  contact  force  F^^^, 
both  aotlng  on  pinion  no*  3»  nust  first  be  determined.  The 
resulting  expression  In  F^^p  oan  then  be  set  equal  to  the 
relationship  between  F2^p  and  the  Input  moment  which  is 
given  by  equation  and  which  was  derived  In  conjunction 

with  case  no.  3 of  the  three  step-up  gear  train. 

I*  rOROB  AHD_MOMSNT  EftUIUBRIA  OF  PINION  NO,  3 

Figure  H-14  shows  the  free  body  diagram  of  pinion  no.  3 In 
the  round  on  flat  phase  of  contact.  Again,  the  equillbrant 
moment  M t acts  In  a counter-clockwise  direction.  The  normal 
force  F^^p  of  Ssar  no.  2 on  pinion  no.  3 1>  given  by 

^23F  " " ^23F”nF2  (H-262) 
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Rotation 


FIGURE  H-14 

FREE  BODY  DIAGRAM  OF  PINION  NO.  3 
MESH  NO.  ROUND  ON  FLAT 


The  aasoclated  friction  force  of  gear  no,  H on  pinion  no,  3 
becofflee 

^f23F  * '‘®2F^23f"F2  (H-263) 

The  pivot  reactione  and  pivot  friction  force*  are  chosen  in  the 
usual  manner.  The  centrifugal  force  was  given  previously 
by  equation  (H-244). 

The  force  equilibrium  expression  becomes 

"^23F^NF2  '*®2r^23F"F2  ^x3^  ^ ^^y3^  ♦ > q^p 

■ 0 (H-264) 

Moment  equilibrium  about  point  0^  is  assured  by 

"’3<*'x3  * * V * *2"f2  * <->>'23f”nM  ■ 0 (U-265) 

As  always  before,  the  friction  force  F^pgjp  exerts  no  moment 
about  point  0^. 


Equation  (H-264)  glvos  tho  following  componont  •xprwsalons 


Tho  •onlor  foro  of  tho  aoaont  oquatloa  (H-265)  !■  ffLvwn  by 

♦ ?yj)  + - ggFgjp  • 0 (H-268) 

Slmultanoouw  wolutlon  of  wquntlona  (U-266)  and  (H-267)  for 
and  Fy3  lands  to 
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+ QjpQ-ainyj  - »*cosVj^|  (H-270) 
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Tha  sum  + ?yj  of  aquation  (H-268)  la  now  nada  up  of  aquatlona 
(H-269)  and  (H-270)  in  tha  aanaa  of  aquation  (A-3T») 


^xj  ^y3  ■ ^23F*69  * Sp^70  * ®'23F^'  * Sp^72 
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Equation  (H-271)  la  now  subatltutad  Into  the  moment  equation  (H>2S8), 


and  the  result  la  solved  for 
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where 


C35  ■ 

®36  “ '*''3^^69  ■*■  “ *2 

II.  MOMENT  INPUT-OUTPUT  RgLATIONSHIP 

The  moment  lnput»output  relationship  for  the  present  case  is 
obtained,  as  stated  earlier,  by  setting  equation  (H-276)  equal  to 
equation  (H-136)  and  solving  the  resulting  expression  for  the 
equlll brant  moment  (ease  no.  3;  YT) 


d«  CASE  NO.  ht  FR 


MOMENT  INPUT-OUTPUT  RELATIONSHIP 


The  moment  input-output  relationship  for  this  case,  where 
mesh  no.  1 is  in  round  on  round  contact  while  mesh  no.  2 is  in 
the  round  on  flat  phase,  may  also  be  derived  entirely  by  assembling 
existing  relationships. 

Equation  (H-2?6),  of  the  previous  section,  gives  force 
in  terms  of  the  equilibrant  moment  when  mesh  no,  2 is  in  the 
round  on  flat  phase.  Equation  (H-178),  derived  for  case  no,  4 
(RFR)  of  the  three  step-up  gear  train,  relntes  this  force  F23P 
to  the  input  moment 

Thus,  one  first  sets  equations  (H-178)  and  (H-276)  equal  to 
each  other  and  then  solves  the  result  for  (case  4;  FR) 
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APPENDIX  I 


COMPUTER  MODELS  FOR  THREE  AND  TWO  STEP-UP  GEAR  TRAINS 

WITH  CLOCK  TEETH  OPERATING  IN  A SPIN  ENVIRONMENT 


The  following  appendix  contains  descriptions,  listings  and 
sample  outputs  of  the  computer  models  relating  to  step-up  gear 
trains  containing  olook  (ogival)  gear  teeth i 

1.  Program  CLOCK  3i  Point  and  cycle  efflelenoles  for  three 

pass  clock  (ogival)  step-up  gear  train 
In  spin  environment. 

2.  Program  CLOCK  4i  Point  and  cycle  efficiencies  for  two 

pass  olook  (ogival)  step-up  gear  train 
In  spin  environment, 

The  relevant  background,  the  input  parameters,  the  manner 
of  the  computations  and  the  form  of  the  output  of  each  program 
are  discussed  In  detail.  The  program  proper  forms  the  last  part 
of  each  section. 


1 • Program  CLOCK  “ji  Point  and  Cycle  Sfflolenoias  for  Three 

Pass  Clock  (Ogival)  8tep-Up  Gear  Train 
In  Spin  Environment 

The  kinematics  of  program  CLOCK  3 la  based  on  the  work 
In  Appendix  G,  while  the  moment  Input-output  relationships  are 
derived  In  section  1 of  Appendix  H.  The  nomenclature  of  the 
program  Is  chosen  to  coincide  as  much  as  possible 

with  the  above  appendices.  It  le  to  be  noted  that^even  though 
the  fuze  related  geometry  produces  different  expressions  for 
the  various  meshes,  the  kinematic  computations  of  the  Individual 
meshes  are  very  similar  to  those  shown  In  CLOCK  1 In  Appendix  F 
for  the  single  mesh  In  the  standard  position.  It  Is  also  assumed 
that  all  three  meshes  will  have  been  tested  by  program  CLOCK  1 
for  their  geometric  suitability,  l.e.  whether  there  Is  enough 
room  for  tip  radii. 

a.  Input  Parameters  (»«<  Program  CLOCK  3,  below) 

The  following  parameters  represent  the  Input  data  for  the 
program  (for  explanations  and  nomenclature,  see  sections  1 and  2 
of  Appendix  P,  as  well  as  section  3 of  Appendix  C)i 

MU,  coefficient  of  friction,  as  before 
RPM,  spin  velocity 

CAPRPl,  CAPRP2,  CAPRP3,  RP2,  RP3,  RP4,  pitch  radii  of  gears  and 

pinions  with  nomenclature 
of  Pig.  G-1 

RHOai,RHOG2,RHOG3,KHOPl,RHOP2,RHOP3,  radii  of  curvature  of  circu- 
lar arc  portion  of  gear  and 
pinion  teeth 


distance  from  the  center  of  rotation 
of  the  gear  of  the  1^*^  mesh  to  the 
center  of  curvature  of  the  circular 
arc  portion  of  the  gear  tooth.  (Unless 
otherwise  noted,  this  and  all  following 
numbering  schemes  refer  to  those  associ- 
ated with  the  mesh  mechanics  as  given 
in  the  text  of  Appendices  G and  H.) 
distance  from  the  center  of  rotation 
of  the  pinion  of  the  mesh  to  the 
center  of  curvature  of  the  circular 
arc  portion  of  the  pinion  tooth 
Rl,  R2,  R3,  R4  ■ (nomenclature  of  Fig.  0-1) 

TGI,  TG2|  TG3.  TPl . TP2,  TP3i  maximum  thickness  of  gear  and 

pinion  teeth  (mesh  nomenclature) 

NOl,  N02,  N03.  NP2,  NP3i  NP4,  numbers  of  teeth  in  various  gears 

and  pinions  (nomenclature  of  Fig. 

G-1) 

RHOl,  RH02,  RH03,  RH04.  gear  and/or  pinion  pivot  radii  (nomen- 
clature of  Fig.  0-1) 

Ml,  M2,  M3,  m4,  masses  of  gear  and/or  pinion  combinations 
MD,  see  program  INVOL  3 


*Slnoe  many  parts  of  the  computer  program  were  written  before 
the  nomenclature  for  these  distanoes  was  changed  in  the  report 
from  a(2Q^  and  a^p^  to  and  ap^,  there  is  a certain  discrepancy 
between  the  program  and  the  report. 


AGGl,  ACG2,  ACO3*  - acGj, 


ACPI,  ACF2,  ACP3  - agp^, 
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K,  range  divisor 

PHDOTl  a -1,  all  velooity  ooDputatlons  are  based  on  this  value. 

The  Input  motion  In  the  fuse  gearing  model  Is 
negative  (see  Pig.  (G-1)). 

b.  Computations  (see  also  COMMENT  cards  In  program) 

I.  Computation  of  Gear  Tooth  Parameters 

The  tooth  parameters  of  the  gears  and  pinions 
of  all  three  meshes  are  first  oomputed.  These  computations 
are  essentially  the  same  as  those  shown  In  program  CLOCK  1 
for  a single  mesh.  Certain  parameters  are  omitted  because 
they  have  been  checked  separately  by  using  CLOCK  1 and  are 
not  required  for  the  kinematics  of  CLOCK  3. 

In  addition*  the  pivot  to  pivot  distances  Bl*  £2  and  B3 
are  obtained. 

II.  Computation  of  MIN.  GAMMAS  and  BETAS 

To  begin  with,  the  program  computes  the  Input  moment 

MIN  « Mj^„  » md!l*  (I-l) 

Subsequently,  the  angles  Y2*  Vj.  Y4  *nd  £2*  ^3 
established  according  to  the  expressions  of  section  6b  of 
Appendix  A. 

III.  Computation  of  Other  Parameters 

The  angles  and  between  the  centerlines  of  adjacent 
gear  and  pinion  teeth,  respectively,  are  determined  In  this 
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section  of  the  oomputatlona.  In  addltloni  the  lengths 
are  found  (see  eqs.  (G-7),  (G-53)  and  (G-B8)).  Finally,  the 
centrifugal  forces  Q^,  Q2»  and  Q4  are  computed  according 
to  eqs.  (H-65),  (H-46),  (H-25)  end  (H-6),  respeetlTely. 

IV.  Preliminary  Computations  for  Mesh  1 
A.  Determination  of  Transition  Angle 

The  primary  oonslderatlon  for  determining  the  transition 
angles  In  the  fuze  related  olook  gear  meshes  Is  identloal  with 
that  used  In  Appendix  F.  The  transition  angle  is  established 
as  that  angle  for  which,  depending  upon  whether  the  Input  angle  p 
has  oounterolookwlse  or  olookwlse  motion,  a small  Increase  or 
decrease  in  e,  respectively,  will  cause  the  associated  value  of 
g to  become  smaller  than  Its  transition  value  fp.  Since  the 
gear  of  mesh  1 turns  in  a olookwlse  direction,  the  above  Incre- 
ment of  <P  will  bo  negative. 

The  program  uses  this  criterion  In  the  following  manner  1 

(a)  Transition  angles  and  computed  according 

to  eq,  (0-39) . 

(b)  The  subroutine  TRANSl  (which  Is  valid  for  meshes  In 

which  the  Input  gear  has  olookwlse  rotation,  as  Is  the  case 
also  for  mesh  3)  Is  called,  and  the  angle  (PHXT),  which  Is 

associated  with  Is  computed  with  the  help  of  eqs.  (0-40) 

and  (G-4i). 

(0)  The  angle  9 is  made  slightly  smaller  than  to 
produce  the  angle  PHINEXT,  and  eq.  (G-29)  la  used  to  find  the 
associated  angle  PSINEX.  Since  there  are  two  such  angles,  the 
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subroutine  seleots  the  one  whloh  Is  olosest  In  value  to  the 
transition  angle  Subsequently,  the  associated  value  of 

Bii  is  computed  according  to  eq,  (G-2?)> 

(d)  Steps  (b)  and  (o)  are  then  repeated  identically  for 

the  second  transition  angle  results  in  the  determina- 

tion of  gj^2* 

(e)  Control  returns  to  the  main  program,  and  that  value 

of  is  ohosen  for  which  the  associated  value  of  g^  is  smaller 
than  fpj^. 

For  checking,  a subsidiary  test,  which  is  similar  to  the 
one  shown  in  Appendix  F,  is  added  to  the  program.  It  is  based 
on  the  idea  that,  for  the  correct  transition  angle  the 

line  representing  the  flat  portion  of  the  pinion  will  make  a 
smaller  angle  with  the  centerline  0^02  than  will  be  the  oase 
for  the  Incorrect  one.  TESTll  and  TEST12  find  these  angles 
with  the  help  of  the  expressions  shown  below.  These  expressions 
hold  for  ell  values  ®bd  make  use  of  a new  variable 

^test*  introduced  since  the  tests  require  that 

the  transition  angles  be  expressed  in  a range  between  -180°  and 
+180°.  Thus, 

For  0°  < < 180° 

TESTll  . |iT  - Pi  + - apil  (1.2) 

For  -180°  < < 0° 


TEST12  - l-n  + Pi  - {'^test  + 2n  - api)| 


(1-3) 


To  detarmlne  the  angle  ^teat* 


^test  - 

-180°  < 

o 

o 

CO 

V 4 

V 

(1-4) 

'^test  - 

If 

< -1B0° 

(1-5) 

'^teat  - 

- 2n 

if 

> 180° 

(1-6) 

B.  Determination  of  Correot  Sign  for  Round  on 
Flat  Regime 

The  sign  preceding  the  square  root  In  eq.  (0-29) • for  the 
round  on  flat  regime,  la  determined  with  the  help  of  ip^T* 
oonditlon  yielding  that  angle  which  la  closest  to  the  angle 
governs.  The  variable  SIGNIP  la  used  for  the  sign  in 
question. 


C.  Computation  of  Final  and  Initial  Values  of  and 
The  final  and  Initial  values  of  the  gear  and  pinion  angles 
and  respectively,  uro  found  by  oontinuously  evaluating 
the  round  on  flat  regime  eq.  (0-29),  using  the  previously 
determined  value  of  SIONiP,  and  simultaneously  oheoking  the 
contact  condition  for  the  subsequent  set  of  teeth  as  given  by 
eq.  (0-46),  This  loop  is  initiated  at  the  transition  angle 
and  It  is  terminated  when  the  condition  of  eq.  (0-46)  is  met. 

This  allowo  the  determination  of  the  angles  PHIIP  and  PBIlPP,at 
which  the  first  set  of  teeth  loaea  contact, os  well  as  of  the  angles 
PHIII  and  reill  at  which  the  second  set  of  teeth  aimultanoouely 
cornea  into  engagement.  The  initial  engagement  anglea  PHIII  and  Paill 
are  obtained  by  adding  (Pj  to  the  " lose  of  contact  " angle  PHIIP 
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•nd  by  8ubtr(»otln«  from  the  "loa#  of  oontaot"  angle  PSllFP. 


D.  Determlnetlen  of  Corrept  gign  for  Roimd  on  Roimd  Hettlma 

Eq.  (Q-12)  la  used  to  determine  the  angle  while  the 

gear  and  pinion  are  in  the  round  on  round  regime,  The  correct 
sign  for  this  expreealon  le  obtained  by  comparing  the  value 
as  computed  with  PHIII*  with  the  value  for  PSIll.  SIONIR  Is  the 
variable  used  for  the  desired  sign, 

V.  Preliminary  Ccmputatlona  for  Mesh  2 

A.  Determlnatlcn  of  Transition  Angle 

The  primary  criterion  for  determining  the  transition  angle 
la  again  similar  to  that  used  in  Appendix  F and  described  earlier 
for  mesh  1 , 

(a)  Transition  angles  ^2ti  ^2T2  oomputed  aooordlng 
to  eq,  (0-79). 

(b)  The  subroutine  TRANS2,  which  Is  valid  for  meshes  in 
which  the  input  gear  has  counterolookwise  rotation.  Is  called, 
and  the  angle  92t1*  wl^ioh  la  associated  with  ^2T1  oomputed, 
with  the  help  of  eqs,  (0-80)  and  (0-81), 

(o)  The  angle  (P2  Is  made  slightly  larger  than  (p2,pi,  to 
produce  the  angle  PHINBXT,  and  eq.  (0-71)  is  used  to  find  the 
associated  output  angle  PSINEX,  Since  there  are  two  such  angles, 
the  subroutine  selects  the  one  which  Is  closest  to  the  transition 
value  4>2'n>  Subsequently,  the  associated  value  of  g2],  is 
oomputed  aooordlng  to  eq.  (G-69). 


(d)  Steps  (b)  end  (o)  are  than  repeated  identically  for 

the  second  transition  angle  ^^^^Its  in  the  deter- 

mination of  g22< 

(e)  Control  returns  to  the  main  program,  and  that  value 

of  ^2T  obosen  for  which  the  associated  value  of  g2  ie  smaller 
than  fp2. 

The  procedure  for  the  associated  subsidiary  test  for  the 
transition  angle  is  similar  to  that  for  mesh  1 and  is  given  by 


For  0°  < V^est  ^ 

TBST21  m |n  - Sg  + <^test  ®P2  I (1-7) 

For  -100°  < <^test  °° 

TEST22  « 1^2  + n - (^teet  + 2it  + oipg)!  (1-8) 

To  determine  the  angle  <‘*teat* 

^'test  • -180°  < ^2T  <I“9) 

^'test  **  ^2T  ^ ^2T  ^ "180^  (I-IO) 

^test  " ^2T  "*  ^ ^2T  ^ 100°  (I-ll) 


B.  Determination  of  Correct  Sign, for  Jound  on 
Flat  Regime 

The  sign  preceding  the  square  root  in  eq,  (0-71),  for  tho 
round  on  flat  regime,  is  determined  with  the  help  of  iP2i>>  The 
condition  yielding  that  angle  (>2?  ^hich  is  closest  to  the  angle 
ffoverns.  The  variable  SIGN2F  is  used  for  the  sign  in  question, 
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C.  Coapuftlon  of  Final  ftnd  InlttjaX  Vi»lu»a  of  g»g  and 
The  final  and  initial  valu«s  of  the  gear  and  pinion  anglea 

^2  *nd  02*  raapeotively,  ara  found  by  oontinuoualy  avaluating 
tha  round  on  flat  aq.  (G-7I),  uaing  tha  pravioualy  datarminad 
valua  of  SIGN2P,  and  ainultanaously  ohaoking  tha  oontaot 
oondition  for  the  aubaaquont  aet  of  teeth>  aa  giran  by  eq.  (G-86), 
Thia  loop  ia  initiated  at  tha  tranaitlon  angle  ^2T  terai- 

natad  whan  tha  oondition  of  aq.  (0-86)  ia  mat.  (Recall  that  in 
maahaa  1 and  3 the  driving  gear  turna  olookwiae.  while  in  meah  2 
it  turna  in  a oountarolookwiaa  direction. ) Thia  allowa  tha 
datarmination  of  tha  two  anglai  FHZ2F  and  PSZ2FP  at  which  the 
firat  act  of  teeth  loaea  oontaot  aa  well  aa  of  tha  anglea  FH12I 
and  PSI2Z  at  whloh  tha  aaoond  aet  of  teeth  aimultaneoualy  oomaa 
into  oontaot.  Tha  initial  engagement  anglea  PR12I  and  PaZ2I 
ara  obtained  by  aubtraotlng  ^^2  the  **loaa  of  oontaot**  angle 

FRI2P  and  by  adding  to  tha  **loaa  of  oontaot**  angle  PSZ2PP. 

D.  Determination  of  Correot  8im.  for  Round  on  Raglaa. 

Bq.  (0-58)  ia  uaad  to  determine  tha  angle  ^Ha 

gear  and  pinion  ara  in  tha  round  on  round  phaae  of  motion.  The 
oorraot  sign  for  thia  axpraaaion  ia  obtained  by  comparing  the 
valua  of  02 • computed  with  PHX2I»  with  the  previoualy  obtained 
value  for  PSI2I.  SIGN2R  ia  the  variable  uaed  for  the  daairad 


VI.  Prollalnary  Computations  for  Heeh  3 


A.  Determination  of  TranBltion  Angle 

The  determination  of  the  transition  angles  for  mesh  3 runs 
along  parallel  lines  to  the  one  shown  for  mesh  1 since  the  driving 
gear  also  rotates  in  a clockwise  direction*  In  all  oases,  the 
parametora  of  section  3 of  Appendix  0 are  used. 

(a)  Transition  angles  and  are  computed  with  the 
help  of  eq.  (0>99)« 

(b)  The  subroutine  TRANSl  determines  the  angle 

associated  with  according  to  eqs.  (G-lOO)  and  (G>101). 

(o)  PHINBXT,  which  is  now  obtained  by  a decrease  of  the 
angle  m3  from  m3<p]_»  serves  as  the  input  variable  of  eq.  (G-9^). 
and  la  used  to  determine  FSZNBX.  Appropriate  controls,  as 
described  before,  detemlne  the  angle  In  addition,  the 

associated  value  of  Is  computed  with  the  help  of  eq.  (G-95). 

(d)  Steps  (b)  and  (0)  are  again  repeated  for  the  second 
transition  angle  and  g22  determined. 

(e)  After  control  is  returned  to  the  main  program,  that 
value  of  031P  is  chosen  for  which  the  associated  value  of  g3  is 
smaller  than  fp3> 

The  subsidiary  test  for  the  transition  angles  runs  parallel 
to  that  described  for  mash  1.  l.e.. 

For  0®  < < 1-^0° 

TEST31  ■ |tt  -•  03  + <*test  " ®P3  I (1-12) 


I-ll 


For  -180°  < <"tast  ^ 

TEST32  . |iT  83  - (V»t«at  + ^ - ap3H 
Ta  determine  the  angle 

'"teat  » ^'3T  -180°  < V>3j  < 180°  (1-14) 

^'teat  ■ ^'3T  + 2^  If  ^3T  ^ “180°  (1-15) 

'^teat  " ^^3T  “ 2tr  If  ^31  ^ 180°  (X-I6) 


B.  .on  qtg^ffy 

The  sign  preceding  the  square  root  In  sqi  (0-94)»  for  the 
round  on  flat  regime • la  determined  with  the  help  of  the  angle 
1P31P.  The  condition  yielding  that  angle  ^1*3^  which  la  closest  to 
the  angle  will  govern.  The  variable  SI0N3P  is  used  for  the 
sign  in  question. 


C . Computatlc:i  af  _FJlnal  and  Initial  Values  of  93  .and.^j 
The  final  and  initial  values  of  the  gear  and  pinion  angles 
93  and  <^3,  reapeotively,  are  found  by  continuously  evaluating 
the  round  on  flat  regime  eq.  (0-94),  using  the  prevloualy 
determined  value  of  SIGN3F.  and  simultaneoualy  checking  the 
contact  condition  for  the  subsequent  set  of  teeth,  as  given  by 
eq.  (G-102).  This  loop  la  initiated  at  the  transition  angle 
03>D,  and  it  is  terminated  when  the  condition  of  eq.  (G-102)  is 
mot.  This  allows  the  determination  of  the  two  angles  PHI3P 
and  PSI3PF  at  which  the  first  set  of  teeth  loses  contact  as  well 
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as  the  angles  FHI3I  and  PSI3I  at  which  the  second  set  of  teeth 
simultaneously  comes  into  contact.  The  inHial  engagement 
angles  PHI3I  and  PSI3I  are  obtained  by  adding  ^he  "loss 

of  contact"  angle  PHI3P  and  by  subtracting  from  the  "loss 
of  contact"  angle  PS13P?. 

D,  Determination  of  Correct  Sign  for  Round  on  Round  Regime 

Eq.  (G-8?)  is  used  to  determine  the  angle  while  the  gear 
and  pinion  are  in  the  round  on  round  phase  of  motion.  The 
correct  sign  for  this  expression  is  obtained  by  comparing  the 
value  of  as  computed  with  FH13I.  with  the  previously  obtained 
value  for  PSI3I.  SIGN3R  ia  variable  used  for  the  desired  sign. 

VII,  Gear  Train  Motion  Modeli  Kinematics.  Point  and 
Cycle  Efficiency 

The  simulation  of  the  gear  train  model,  which  is  necessary 
for  the  computation  of  both  POINTEF  and  CYCLBPP,  is  found  in  a 
loop,  starting  with  statement  label  no.  29  (card  no,  458  ) and 
ending  with  card  no,  812.  The  motions  of  the  individual  driving 
gears  are  Initialized  at  their  respective  angles  PHllI,  PHI2I  and 
PHI3I.  (This  again  is  arbitrary.)  The  meshes  will  be  in  round 
on  round  contact  until  they  reach  their  respective  transition 
angles  PHUT,  PHI2T  and  PHI3T.  Once  the  transition  angles  are 
passed,  the  meshes  will  be  in  round  on  flat  contact.  These 
regimes  continue  until  the  final  angles  PHIIF,  PHI2P  and  PHI3P 
are  reached. 

The  increment  DDPHIl  of  the  angle  PH II  of  the  input  gear  1 
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is  obtained  from  an  adaptation  of  eqs.  (A-211)  and  (A-213),  In 
which  tooth  numbers,  rather  than  base  circle  radii,  are  used. 

The  Increment  DDPHI2  of  gear  2 Is  related  to  the  Increment  of 
the  pinion  angle  PSIl.  Similarly,  the  Increment  DDPHI3  Is 
obtained  with  the  help  of  the  pinion  angle  P3I2. 

While  the  motion  of  gear  1 Is  terminated  when  the  angle 
PHIl  reaches  the  angle  PHIIF  (or  rather  PHIIP  + DDPSIl  for 
moment  summation  purposes),  both  gears  2 and  3 must  be  reset 
to  their  respective  starting  angles  whenever  their  final  angles 
PHI2P  and  PHI3P  are  reached. 

The  appropriate  choice  of  moment  equation  depends  upon 
which  of  the  eight  possible  combinations  of  oontaot  conditions, 
as  Indicated  by  Table  H-1,  Is  applicable. 

The  following  discusses  the  klnematlos  of  the  Individual 
meshes  as  well  as  the  determination  of  the  point  and  cycle 
efficiencies  in  greater  detail, 

A.  Klnematlos 
(1 ) Mesh  1 

Depending  on  whether  PHIl  Is  larger  or  smaller  than  PHUT, 
the  parameters  of  the  round  on  round  or  the  round  on  flat  regime 
are  computed.  (Recall  that  gear  1 turns  In  a clockwise  direction.) 

For  the  round  on  round  phase,  the  following  calculations 
are  made  1 
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according  to  eq.  (G-11),  and  with  the  help  of  the  previously 
determined  SIGNIR 

according  to  oqs.  (G-13)  and  (G-l4) 

41^,  according  to  eq.  (G-15) 

^Sl/Tlpt*  according  to  eq.  (G-20) 

according  to  eq.  (H-1)  as  adapted  to  mesh  1 

For  the  round  on  flat  phase,  the  following  calculations 
are  madei 

4>^,  according  to  eq,  (0-29),  and  with  the  help  of  the  previously 
determined  SIGNlF 
g^,  according  to  eq.  (G-2?) 

according  to  eq,  (G-30) 

^^Sl/Tlp»  according  to  eq.  (G-33) 

sj^p,  according  to  eq.  (H-2)  as  adapted  to  mesh  1 

(2)  Mesh  2 

The  Increment  DDFHI2  for  each  round  of  computation  Is 
obtained  with  the  help  of  the  change  In  the  angle  <!>i  between 
the  present  and  the  previous  computation,  l.e.,as  shown  at 
statement  label  no.  31 


DDPHI2  a PSIl  - PSIlP 


( 1-17 ) 


For  the  first  round  of  computations,  the  "previous'*  *l>i,  l.e,, 
PSIlP,  Is  equal  to  PS II I. 

It  must  be  recalled  that  gear  2 rotates  in  a positive 
direction,  and  therefore,  the  angle  ^2  Increases  with  continued 
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motion.  The  angle  PHIZ  Is  re«lndexed  to  rai2I  onoe  it  becomes 
larger  than  PHI2P, 

As  for  mesh  l^comparison  with  the  transition  angle 
decides  whether  the  mesh  is  in  the  round  on  round  or  in  the 

round  on  flat  regime. 

The  following  round  on  round  parameters  are  oaloulatedi 

according  to  oq.  (G-58),  and  with  the  help  of  the  previousljr 
determined  SIQN2R 

K2,  according  to  eqs.  (0-59)  mnd  (0-60) 

• 

Note  that  the  "input  angular  velocity"  for  mesh  Z,  l.e, q>2» 
equals  the  momentary  value  ot 

Vi2f  according  to  eq.  (0-61) 

Vs2/T2r»  according  to  eq,  (0-63) 

^2R*  according  to  eq,  (H-1)  as  adapted  to  mesh  2 

For  the  round  on  flat  phase,  the  following  calculations 
are  madei 

i/>2t  according  to  eq,  (G-71),  and  with  the  help  of  the  previously 
determined  SIGN2P 
g2,  according  to  eq,  (0-69) 

Again,  (pg  equals  the  momentary  value  of 

(iig,  according  to  eq.  (0-72) 

Vg2/T2p»  according  to  eq,  (0-74) 

Sgp.  according  to  eq.  (H-2)  as  adapted  to  mesh  2 


(3)  Mesh  3 

The  Inorement  DDPHI3»  for  each  round  of  oomputatlon,  le 
obtained  with  the  help  of  the  change  In  the  angle  ^2  between 
the  present  and  the  previous  oomputation*  l.e.,  as  shown  at 
statement  label  no.  33 » 

DDPHI3  - PSI2  - PS12P  (1-18) 

Por  the  first  round  of  oomputations,  the  "previous"  tj;2»  l.e., 
PSI2P.  is  equal  to  PSI21. 

/> 

Gear  3 rotates  in  a negative  (olookwise)  direotion,  and 
therefore,  the  angle  decreases  with  continued  rotation. 

The  angle  PHI3,  which  represents  this  angle,  is  re-indexed 
to  PHI31  once  it  becomes  smaller  than  PHI3P. 

As  for  meshes  1 and  2,  comparison  with  the  applicable 
transition  angle  decides  whether  the  mesh  is  in  the  round  on 
round  or  in  the  round  on  flat  regime. 

The  following  round  on  round  parameters  are  oaloulatedi 

^ aooording  to  eq.  (G-B?),  and  with  the  help  of  the  previously 
determined  SIGN3R 

aooording  to  eqs.  (G-89)  and  (G-90) 

Note  that  the  "input  angular  velocity"  for  mesh  3*  I*®*,  <P3* 

* 

equals  the  momentary  value  of 

aooording  to  eq.  (G-91) 

^S3/T3h'  aooording  to  eq,  (0-92) 

8-^j^,  aooording  to  eq.  (H-l)  as  adapted  to  mesh  3 
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For  the  round  on  flat  phaee,  the  following  oaloulatlone 
are  madei 

'Pjf  according  to  eq,  (G-94),  and  with  the  help  of  the  previously 

determined  SIGN3P 

S3,  according  to  eq.  (G-95) 

$ # 

Again,  (Pj  is  equal  to  the  momentary  value  of  ij^2' 

ipjt  aooording  to  eq.  (G-9<9) 

Vs3/ip3p,  aooording  to  eq.  (G-97) 

83P,  aooording  to  eq.  (H-2)  as  adapted  to  mesh  3 

B.  Moment  Computations.  Mnt  and  Cycle  Efflolenolee 
Regardless  of  the  oomblnatlon  of  contact  oondltions,  the 
point  sfflolenoy  Is  computed  aooording  to  eq.  (3)»  i.e., 

*p  . POINTBF  . Kyg^tlo 

"in 

where,  with  9]^  ■ -1 , 

*^atlo  ■ I ^3  I 

The  cycle  efficiency  determination  is  based  un  eq.  (C-lO) 

In  Appendix  C,  which  represents  an  adaptation  of  eq.  (4)i 


'1 


A9i  E *p 

^ " ‘Pi  FIN  “ 'Pun 


(1-21) 


(See  page  C-18.)  The  associated  expression  In  the  program,  at 
statement  label  no.  45  becomes 
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CYCLEPP  > -MT0T*DDPHI1/(PHI1P-I»HI1I) 


(1-22) 


where 


MTOT  ■ MTOT  + POINTEP  (1-23) 

The  moment  oomputatlons  begin  with  the  statement  label 
no.  35  t*nd  Initially  oonslst  of  the  determination  of  the 
variables  A1  to  k6k  and  Cl  to  C32  of  seotlon  1 of  Appendix  H. 

The  governing  oontaot  oombination  (see  also  Table  H-1)  is 
determined  with  the  help  of  the  8 moment  control  statements, 
which  start  with  card  no. 737  > Once  the  appropriate  combina- 
tion is  established,  the  program  la  directed  to  one  of  the  8 
associated  moment  expressions.  These  expressions  for 
coincide  in  nomenclature  with  those  given  by  eqs.  (H-81), 

(H-U8),  (H-158),  (H-180),  (H-216),  (H-218),  (H-239)  mnd  (H-24l). 
They  are  listed  In  the  above  order,  beginning  with  statement 
label  no.  36  and  ending  with  statement  label  no.  43  . 

In  devising  the  control  statements,  the  manner  of  rotation 
of  the  individual  mesh  Input  gears  had  to  be  taken  Into  account. 
Thus  I 

For  mesh  3i 

Round  on  round  (R)  corresponds  to 
PHI3I  > PHI3  > PHI3T 
Round  on  flat  (P)  corresponds  to 
PHI3T  > PHI3  > PHI3P 
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For  n««h  2i 

Round  on  round  (R)  oorreaponda  to 
PH12I  < PHI2  < PHI2T 

Round  on  flat  (P)  oorraaponda  to 
PH12T  < PHI2  < PHI2P 

For  naah  li 

Round  on  round  (R)  oorraaponda  to 

Will  > ran  > raiiT 

Round  on  flat  (F)  oorraaponda  to 

raiiT  > ran  > pkiif 

0 . Output  (tea  Program  CLOCK  3,  bolow) 

Tha  output  of  tha  program  la  boat  axplainad  with  tha  halp 
of  tha  aanpla  problan  at  tha  and  of  tha  program • 


£!UtLi 


CAPRPl 

* "Pl 

« .47725  In. 

(1.212 

cm) 

RP2  . 

*'P2  ■ 

.09085  in. 

(0.231 

cm) 

ACGl  - 

•oi  " 

,47725  in. 

(1.212 

cm) 

ACPI  ■ 

•P1  ■ 

,09085  in. 

(0.231 

cm) 

RHOOl 

- '’01 

- .03870  in. 

(0.098 

cm) 

RHOPl 

- '’PI 

« .01740  in. 

(0.044 

cm) 

TOl  . 

^01  ■ 

.03480  in. 

(0.088 

cm) 

TPl  . 

tpl  - 

.02800  in. 

(0.071 

cm) 

NOl  - 

1 

o 

c 

42 

NP2  . 

np2  - 

8 
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M«ih  2 

CAFRP2  « Rp2  ” .20670  In. 

(0.525  ca) 

RP3  ■ rp^  ■ ,06890  in. 

(0.175  cm) 

AC02  . aQ2  .20670  In. 

(0.525  cm) 

ACP2  • *p2  > .06690  in. 

(0.175  cm) 

RH002  . PQ2  ” .02070  In. 

(0.05S  cm) 

RHOP2  • ^p2  - .01040  in. 

(0.026  cm) 

TQ2  - tQ2  - .02520  In. 

(0.064  cm) 

TP2  « tp2  « .02080  in, 

(0.055  cm) 

N02  m Kq2  " 27 

NP3  - np3  - 9 

HSfU 

0AFRP3  « Rp3  « .17560  in. 

(0.446  em) 

HP4  « rp4  « .05905  In. 

(0.150  cm) 

AC03  « *03  ■ .17560  in. 

(0.446  ea) 

ACP3  - «p3  > .05905  in. 

(0.150  cm) 

RHOG3  - pq3  ” .01910  in. 

(0.049  cm) 

RHOP3  . Pp3  • .00875  In. 

(0.022  cm) 

T03  - t^3  » .02170  In. 

(0.055  cm) 

TP3  - tp3  - ,01750  In. 

(0.044  cm) 

N03  " 0(33  “ 

NP4  « n;4  . 9 

In 

NU  • 31  « .2 

RPM  . 1000 

Ml  . « .69515  * 10*^  It-MoVln. 

C12.171  g) 
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M2  ■ &£  <■ 

.97028  X 10”^  Ib-aaoVln.  Cl. 699  g) 

M3  ■ ■ 

.70027  X 10’^  Ib-aaoVln.  (1.226  g) 

M4  ■ ■ 

.79108  X 10“^  Ib-aaoVln.  (0.1S9  g) 

HI  ■ ■ 

.750  In.  (1.90S  cm) 

» 

ro 

1 

■ 

.750  In.  (1.90S  cm) 

R3  - % - 

.750  In.  (1.90S  cm) 

r4  « ■ 

.750  In.  C1.90S  cm] 

RHOl  « 

■ .060  in. (0.152  cm) 

RH02  ■■  P2 

« ,030  In, (0.076  cm) 

RR03  • P3 

■ .023  in. (0.064  cm) 

RH04  ■ />4 

M .020  In. (0.051  cm) 

> 

MD  ■ nd  ■ 

.13  X 10"^  Ib-aao^  in.  (16.944  g - cm^) 

>0 

CM 

■ 

>6 

II.  ggwpaitd 

At  th«  b«glnnlng  of  tht  output,  ono  finda  MIN  ■ 

Subaaquantly,  tho  following  art  llatad  for  aaoh  naahi 

fp^i  th«  langth  of  tht  pinion  flata 

tht  fuat  body  pivot  to  pivot  lint  anglta 
«nd  fPfi,  tht  traniltlon  anglta  wall  aa  tht  aaaoolattd 
Bubaldlary  ttata 

9XNl  'I'XNl*  Initial  anglaa 

*PIN1  *^FIN1*  anglaa 

Finally,  for  tha  full  rangt  of  tha  Input  angla  tha 
point  tfflolanoy  POINTS?  la  llatad,  In  addition  to  othar  paranatara 
whloh  ara  uaaful  for  ohtoklng  purpoaaa,  Nota  that  DPSll,  DPS12 
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2*  Prograw  CLOCK  4i  ft>int  and  Qyolt  EffioKnolea  for  Two  Hum 

CloQk  fQglvftl)  Sfp^UD  Q»m>  Train  in 
Spin  anvlrorwnt 

The  kln«matlo8  of  progrMM  CLOCK  4 ii  again  basad  on  tha 
work  In  Appendix  G«  The  moment  input-output  relationahlpe  are 
derived  in  aaotion  2 of  Appendix  R«  Thla  program  la  In  many 
waya  very  almllar  to  CLOCK  3 with  tha  azoaption  that  only  two 
meahaa  are  involved,  and  therefore,  wherever  poaalble,  referenoe 
will  be  made  to  CLOCK  3.  Again,  it  ie  aaaumed  that  the  two 
meahea  will  have  been  teatad  by  program  CLOCK  1 for  their 
geometrio  auitability.  The  format  of  the  following  la  identloal 
to  that  uaad  in  aaotion  1 of  thla  appendix.  For  the  aaka  of 
olarlty,  it  will  be  helpful  to  refer  to  those  parallel 
deaorlptiona. 


a.  Input  Parametera  Program  CLOCK  4,  below) 

The  following  parametera  repreaent  the  input  data  for  the 
program  (for  explanation,  refer  to  aeotlon  la  of  thia  appendix) i 


MU 

RPM 

CAPRPl,  CAPRP2,  HP2,  RP3 
RHOOl,  RH0G2,  RHOPl , RH0P2 
ACGl,  ACG2,  ACPI,  ACP2 
Ri,  R2,  R3 
TGI,  TG2,  TPl,  TP2 
NGl,  NG2,  NP2,  NP3 
RHOl,  RH02,  RH03 
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Ml,  M2,  M3 

MD 

K 


PHDOTl  « -1  \ 

j 

i' 

.1 

^3.  Computation  a (see  alao  COMMENT  oardi  in  propcraa)  . 

I 

I.  computation  of  Gamr  Tooth  Pmrmmettri 

Tha  raquirad  oomputationa  art  Idantioal  to  thosa  In  CLOCK  3.  'I 

' I 

II.  Computation  of  MIN.  GAMMAS  and  BETAS  I 

Tha  Input  moment  la  oomputad  in  tha  mannar  of  aq.  (I-l).  j 

In  addition,  tha  anglaa  mnd  ^2  found  according  | 

tc  the  expreasiona  given  In  aeotlon  6b  of  Appendix  A.  1 

I 

1 

III.  Computation  of  Othar  Baramatara 

Tha  computation  of  tha  anglaa  and  tha  length 
aa  wall  as  tha  centrifugal  foroaa  Q2  and  (called  Q^p 
by  eq.  (R-245))  are  idantioal  to  thosa  daaoribed  in  tha  parallel 
aeotlon  dealing  with  CLOCK  3»  j 

'i 

IV.  Praliminary  Computatlona  for  Maah  1 | 

Tha  preliminary  oomputationa  for  mash  1 are  idantioal  to  j 

thosa  given  in  aaotion  i-IV  of  this  appendix.  j 

V.  Preliminary  Ccmputationa  for  Maah  2 

The  preliminary  oomputationa  for  mesh  2 are  idantioal  to  i 

I 

thosa  given  in  section  i«V  of  this  appendix. 
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VI.  Ga»r  Trmln  Motion  Modal>  Kinematioe.  Point  and 
Gyp la  Effloienolea 

Tha  simulation  of  tha  gaar  train  modal,  which  Is  naoassary 
for  tha  datarmlnatlon  of  both  POINTEP  and  CYCLEPP,  is  found  In 
a loop  starting  with  statamant  labal  no.  20  and  andlng  with 
card  no.  ^31  • Tha  motions  of  tha  individual  driving  gaara  ara 
inltialisad  at  thair  raspaotlva  anglaa  PHIII  and  PHI21.  Tha 
meahas  will  ba  in  round  on  round  contact  until  thay  raaoh  thair 
raspaotive  transition  angles  PHUT  and  PHI2T.  After  the  transition 
angles  ara  passed,  tha  mashes  will  ba  in  round  on  flat  contact. 
These  ragimas  continue  until  tha  final  angles  PRIlP  and  PHI2P 
ara  reached. 

Tha  inoramant  DDPHIi  of  tha  input  gaar  1 is  obtained  from 
an  adaptation  of  aqa.  (A-207)  and  (A-208).  in  which  tooth  numbers, 
rather  than  base  circle  radii  ara  used.  Tha  inoramant  DDPHX2  of 
gaar  2 is  related  to  tha  inoramant  of  tha  pinion  angle  PSIl. 

While  tha  motion  of  gaar  1 is  terminated  whan  tha  angle 
PHIl  reaches  tha  magnitude  PHIIP  (or  rather  PHIIP  -f  OOPHXl  for 
moment  summation  purposes),  gaar  2 must  ba  reset  to  its  starting 
angle  PHX2I  whenever  Its  final  angle  PHI2P  has  been  reached. 

Tha  appropriate  ohoioa  of  moment  equation  depends  upon 
which  of  the  four  possible  combinations  of  contact  conditions, 
as  indicated  by  Table  H-2,  is  applicable. 

The  following  discusses  the  kinematics  of  the  individual 
meshes  as  well  as  the  determination  of  the  point  and  cycle 
efficiencies  where  they  differ  from  the  description  in  section  1 
of  this  appendix. 


A.  Klnematipa  | 

Tha  program  only  utiliees  tho  kinamatioa  of  maahes  1 and  2,  | 

i 

These  are  Identloal  with  those  for  program  CLOCK  3,  as  given  In 
section  1.  I 

i 

B.  Moment  Computations.  Point  and  Cyo Is  Effloleneles  | 

Regardless  of  the  oomblnatlon  of  contact  conditions,  the  I 

point  efficiency  is  computed  according  to  eq.  (3).  i.e.  , | 

H ^ 

•p  « POlNTBP  . ] 

”in  ■) 

where,  with  mi  ■ -1 

- 1*2  1 <1-25) 


The  cycle  efficiency  determination  la  baaed  on  eqs.  (I-2i) 
to  (1-23). 

The  moment  computations  begin  with  the  statement  label 
no. 24  . and  Initially  consist  of  the  determination  of  selected 
variables  between  All  and  A72  and  selected  variables  between 
C6  and  036.  as  applicable  to  the  analyses  of  section  2 of 
Appendix  H.  The  governing  contact  combination  (see  also 
Table  H-2)  Is  determined  with  the  help  of  the  four  moment 
control  statements,  which  start  with  card  no. 498  . Onoe  the 
appropriate  combination  is  established,  the  program  is  directed 
to  one  of  the  four  associated  moment  expressions.  These 
expressions  for  coincide  with  those  given  by  eqs.  (H-260). 
(H-261).  (H-277)  and  (R-278).  They  are  listed  in  the  above 


i 


ordar  baginning  with  atatamant  labal  no,  23  and  andlng  with 
atatamant  label  nOi^S  . 


The  rationale  of  the  control  statamenta  for  maahaa  1 and  2 
is  Idantloal  to  that  given  for  program  CLOCK  3 (aaa  section 
1-VIlB  of  this  appendix). 

o i Output  Ciae  Program  CLOCK  4,  below) 

The  output  of  the  progrsun  la  bast  explained  with  the  help 
of  the  sample  problem  at  the  and  of  the  program. 


I 


'.1 


I.  Input  Farmmatara 


Me  ah  1 


CAPRPl  . 

. ,47725  in. 

Cl. 212  cm) 

'1 

RP2  ■ rp2  * 

.09085  In. 

CO. 231  cm] 

1 

'( 

ACQl  ■ ■ 

.47725  In. 

Cl. 212  cm) 

1 

ACPI  . « 

.09085  in. 

CO. 231  cm) 

K 

1 

RHOQl  « 

« .03870  in. 

CO. 09 8 cm) 

RROPl  . 

« .01740  In. 

CO. 044  cm) 

TOl  ■ ■ 

.03480  In. 

CO. 088  cm) 

' 

'i 

TPl  - tj^  - 

.02800  In. 

CO. 71  cm) 

1 

NGl  ■ ^01  * 

42 

- 1 

KP2  ■ op2  <■ 

8 

*1 

Mesh  2 

CAPRP2  ..  Rp2 

■ ,20670  In. 

CO, 525  cm) 

• i 

RP3  “ **P3  ■ 

.06890  In. 

CO. 175  cm) 

j 

1 

ACG2  ■ ^02  ** 

,20670  In. 

(0.525  cm) 

• 1 

ACP2  . ap2  » 

.06890  In. 

CO. 175  cm) 

I-S4 

i 

■'S 

RH0G2  ■ pQ2  «•  .02070  in.  (0.0S3  cm) 
RH0P2  . » .01040  In.  CO. 026  cm) 

TG2  » - *02520  In.  (0.064  cm) 

TP2  » tp2  - .02080  In.  (0.053  cm) 

NG2  « nQ2  « 27 

NP3  « np|3  M 9 

In  addition 
NU  ■ .2 

RPM  - 1000 


Ml 

m 

“1 

m 

.69515  X 

10“^  Ib-seoVln. 

(12.171  g) 

M2 

m 

“2 

m 

.97028  X 

10“^  Ib-seoVln. 

(1.699  g) 

M3 

m 

“3 

m 

.10780  X 

10“^  Ib-seoVin. 

(0.1 S9  g) 

R1 

■ 

m 

.750  In. 

(1.905  cm) 

R2 

m 

^2 

m 

.750  In. 

(1.905  cm) 

R3 

m 

6I3 

m 

.750  in. 

(1.905  cm) 

RROl  m m .060  In.  (0.152  cm) 

RR02  m P2  • *030  In.  (0.076  cm) 

RH03  m Pj  m .025  In.  (0.051  cm) 

MD  ■ ad*  <■  ,15  X lO”^  lb-»eo^  in.  (16.944  g - cm^) 

K « 25 


II,  Computod  Vmluoa 

At  th«  bmglnnlng  of  the  output,  one  finds  MIN  ■ Mj^^. 
Subsequently,  the  following  are  listed  for  eaoh  meshi 

fpj^,  the  length  of  the  pinion  flats 

the  fuse  body  pivot  to  pivot  line  angles 
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■n 

J 

'1 

I 

I 

J 


j 

i] 

0 


1 

■'  y 


j 


■j 

f 


i 


and  the  transition  angles  as  well  as  the  associated 

subsidiary  tests 
'^INi'  Initial  angles 

'"’fINI  final  angles 

Finally,  for  the  full  range  of  the  input  angle  the 
point  efficiency  POINTEP  is  listed,  in  addition  to  other  parameters 
which  are  useful  for  checking  purposes.  Note  that  DPSIl  and 
DP512  represent  and  respectively.  The  cycle  efficiency 
CYCLBPP  is  found  at  the  end  of  the  output. 
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